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Introduction 

It is now well-known that it is possible to associate with any germ of isolated 
hypersurface singularity a canonical Frobenius-Saito structure^ 1 ) (also called a 
flat structure by K. Saito) on the (germ of the) base space of its miniversal un¬ 
folding. The theory of primitive forms [56] allows such a construction, together 
with Hodge theory of the Brieskorn lattice, as developed by M. Saito [58, 60] 
(see also [22] for a presentation of the theory). Such a construction is local, 
but also canonical. 

In [50], the second author has indicated how to extend such a construction 
to polynomials on C" which are convenient and nondegenerate with respect to 
their Newton polyhedron, a notion defined by A.G. Kouchnirenko in [28]. The 
reason for extending the previous work of K. Saito and M. Saito is that, in some 
aspect of mirror symmetry theory, the Landau-Ginzburg potential often takes 
the form of the universal unfolding of a function on a smooth complex affine 
variety and is not necessarily reducible to the unfolding of a germ of complex 
isolated singularity. 

A motivation to extend furthermore the construction to convenient and non¬ 
degenerate Laurent polynomials, which is the main result of this article, comes 
from the computation of S. Barannikov [3] for the particular case of the Lau¬ 
rent polynomial /(tti,..., u n ) = Ui + ■ ■ ■ + u n + 1/ui ■ ■ ■ u n : he associates to 
such a Laurent polynomial a Frobenius structure on the germ (C” , 0), which 

is shown to be equivalent to that coming from the quantum cohomology of 
P"(C) (defined e.g., in [39]). One finds in [24] other such polynomials*^. In 
the second part [17] of this article, we will extend the computation of S. Baran¬ 
nikov to the case of the linear form WqUq + ■ • ■ + w n u n restricted to the torus 
JX ( it]"* = 1, where (wo ,..., w n ) is any sequence of positive integers such that 
gcd(ruoi • • ■, w n ) = 1; in such a case, the canonical Frobenius structure is com¬ 
pletely determined by its initial data, that we compute explicitly. 

In this article, we give a detailed presentation of the construction of the 
Frobenius structure attached to a regular tame function on an affine manifold 
(when a primitive homogeneous form exists, see below). We first give the 
main properties of the Gauss-Manin system and the Brieskorn lattice of any 
unfolding of such a function. Essentially, we show that all expected results (if 
we refer to the local situation) hold: holonomicity, regularity, duality... Such 


l 1 ) Throughout of this article, we use the words “Frobenius structure” or “Saito structure” in 
an equivalent way; some authors also call such a structure a “conformal Frobenius structure”, 
as we always assume the existence of a Euler vector field. 

■ The second author is grateful to R. Kauffman for pointing him this article. 
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results were only sketched in [50]. In Appendix A, we recall with some details 
basic results written by B. Abdel-Gadir in [1, 2], as these papers are hardly 
available. 

Once these basic results are obtained, the main tools that one has to develop 
in order to mimic K.+M. Saito’s construction of the Frobenius structure are: 

- the Hodge theory for the Brieskorn lattice of the tame function / on a 
smooth complex affine variety, 

- the existence of a primitive and homogeneous section of the Brieskorn 
lattice. 

The first one was achieved in [51, 52], In Appendix B, we recall the analogue, in 
the affine situation, of the method of M. Saito to obtain a solution of Birklroff’s 
problem for the Brieskorn lattice. This slightly simplifies the approach in [52]. 
Moreover, we make the link with the construction of good bases given in [15]. 

We are then mainly interested in finding a primitive homogeneous section 
corresponding to the minimal exponent. Natural candidates are volume forms. 
In the singularity case, the minimal exponent has multiplicity one [60], so such 
a primitive homogeneous section is essentially unique, if it exists. In fact, any 
volume form gives rise to such a primitive homogeneous section. We show that 
a similar result holds for convenient nondegenerate Laurent polynomials on 
(C*) ra . It was asserted in [52] that the same result holds for convenient nonde¬ 
generate polynomials on C". However, let us emphasize that a supplementary 
assumption is understated there: the linear forms defining the Newton bound¬ 
ary have nonnegative coefficients. Without this assumption, the volume form 
may not be homogeneous, the minimal exponent may not have multiplicity one, 
and we cannot assert the existence of any primitive homogeneous section. 

A basic tool in the convenient nondegenerate case, which goes back to [27, 
57], consists in the identification between the Hodge exponents at infinity (i.e., 
the Hodge spectrum) and the Newton exponents. A simple proof of this result is 
given in § 4. It also applies to the case of convenient nondegenerate polynomials 
on C n which was treated in [52]. 


1. Partial Fourier transform of regular holonomic T >-modules 

with lattices 

l.a. Equivalences of categories. — Let D C A lan = IP 1 \ {oo} be a 
nonempty open disc with coordinate t and let X be a complex manifold. Let 
E C D x X be a closed analytic hypersurface. We assume throughout this 
article that the restriction to E of the projection p : D x X —> X is finite 
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( i.e ., proper with finite fibres). On the other hand, we simply denote by oo the 
divisor { 00 } x X C IP 1 x X. 

We denote by V^xx ( resp. V v i xX ) the sheaf of holomorphic differential 
operators on D x X (resp. on P 1 x X). Given a holonomic TfoxX-niodule JA, 
we say that the singular locus of M. is contained in E if M. |_d x X\E is 0-locally 
free of finite rank. 

Let ip : X' —> X be a holomorphic map of complex manifolds. Then 
1 p +0 M := OdxX' ®ip- 1 o DxX l P~ 1 AA is naturally equipped with a T>oxX’- 
rnodule structure, relative to which it is holonomic and with singular locus 
contained in E' =X' XjS. 

Proposition 1.1 (Malgrange). — Let M be a holonomic Vn xX -module with 
singular locus contained in E. There exists a unique (up to isomorphism) 
Dpi xX -module M satisfying the following properties: 

M is holonomic, with singular locus contained inEU 00 , 

M has regular singularities along 00 , 

M is localized along 00 , i.e., A4 = 0pi xX (*oo) ®o plxX 

M\dxx = M. 

Any morphism M.\ —> Ai 2 can be lifted in a unique way to a morphism Ai\ —> 
M. 2 - //D denotes the duality functor on the category left holonomic V-modides, 
we have V)M = (DAl)(*oo). Last, the ~ functor commutes with base change 
p +0 with respect to p : X' —> X. 

Proof. — See Appendix, §A.b.l. □ 

We consider the following categories: 

LLolregY,(D]j xX ): the objects are regular holonomic Xfoxx-iuodules with 
singular locus contained in E, and the morphisms are morphisms of ZEmodules; 
the full subcategory of modules which satisfy the supplementary condition (NC) 
(see below) will be denoted by Hjolreg^ (^q^(Du xX ). 

'Holreg- s (V^ia.n xX ): the objects are regular holonomic XV^xX-modules 
with singular locus contained in E, and the morphisms are morphisms of D- 
modules; 

7-foZre<7 SUoo (D P i xX (*oo)): the objects are regular holonomic XVi x _y(*oo)- 
modules, with singular locus contained in EUoo (recall, cf. § A.a, that these are 
holonomic 2?pi x x-niodules), and the morphisms are morphisms of X>-modules; 

T-k>lreg- s (D x [t]{d t ))'. the objects are 2?.Y^](9t)-modules which are holo¬ 
nomic and regular even at infinity, with singular locus contained in E 
(cf. Def. A.7), and the morphisms are morphisms of I?Y:[^](9t)-modules. 
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We have natural functors between these categories, described in the diagram 
below, where 

restr. is the usual restriction, 

- an is the “analytization functor” TV" 1 x a: [*](%}’ 

- p denotes the natural projection to X. 


'Holreg^uoo (^xxH) 




Analytization diagram 


Corollary 1.2 ([1]) 

(1) Any loop in this diagram is a functor isomorphic to the identity of the 
category which is the origin of the loop. 

(2) This diagram commutes with base change, i.e., if f : X' —> X is any 
holomorphic map, and ifTi k f + denotes the k-th inverse image functor between 
the corresponding categories on X and X’, the diagrams on X and X’ corre¬ 
spond each other through TL k f + . 

(3) This diagram commutes with proper direct image with respect to X, i.e., 
with the functors TL k /+ is f : X —> X’ is a proper holomorphic map (e.g., a 
closed embedding). 

(4) This diagram commutes with the natural duality functor of each category. 

Proof. — See Appendix, §§A.a and A.b. □ 

Remarks 1.3 

(1) In the appendix, the previous statements are proved without the regu¬ 
larity assumption along E. That regularity along E is preserved by the functors 
H k f + , TL k f+ or duality is now a well-known result (see, e.g., [41]). 

(2) Let M be as in Proposition 1.1 and let Mo be a Odxx -coherent sub- 
module of M. Let us define Mo as a coherent Opixjc(*oo)-submodule of M: 
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let M' = T>dxx ■ Mo] then M' satisfies the same properties as M does, and 
moreover M' and Mq coincide out of E (“out of” means “after tensoring with 
meromorphic functions having poles along E”); then glue Mo with M'^ pl xX ^t, 
to get Mo- By Remark A.3, Cor. 1.2(1) holds for such pairs (M,Mo)- 

Corollary 1.4. — Let M be as in Proposition 1.1. Assume moreover that 
there exists a Odxx -submodule Mo C M which is free of finite rank and such 
that M = Odxx{ *E) ®0 DxX Mo- Then Mo := p*Mo is locally free of finite 
rank as a Ox[t\-module and M is locally free of finite rank as a Ox[t\(*T,)- 
module. 


Proof. — See Appendix, §A.b.2. □ 

The noncharacteristic assumption. — We say that p is noncharacteristic with 
respect to M or M if the following condition (NC) is satisfied: 

(NC) The fibres of p are noncharacteristic with respect to Char Ad. 

The characteristic variety Char Ad is equal to a union of the zero section 
Tf )x x(T) x X) and of conormal spaces T£ (D x X), where Zi is a irreducible 
closed analytic subset of D x X contained in E. Among the Z t are the irre¬ 
ducible components of E. 

In geometrical terms, Condition (NC) means that, for any Zi, any limit at 
(t, x) of tangent hyperplanes to Z,- L is transversal to p~ 1 (x). In other words, for 
any x £ X, the conormal space T|. (H x X) cuts D x T*X at most along D x 
{0}. This implies that the restriction to Tf, (D x X) of the natural projection 
T*(D x X) —> ( T*D ) x X is finite. This also implies that the restriction of p to 
Zi is finite. In other words, the only components of the characteristic variety of 
M other than the zero section are the T£. (D x X), where E* are the irreducible 
components of E. 



not (NC) 



Figure 1 
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We write ( T*D ) x X = D x X x C v . The following is classical (noticing 
that the fibres of p are noncharacteristic with respect to M along oo). 

Lemma 1.5. - If M is holonomic on D x X with singular locus contained 
in E and satisfies (NC), then M is regular along E, M is T> DxX /x-coherent 
with relative characteristic variety contained in the union of the zero section of 
(T*D) x X and E x C v . Moreover, M = p*M is O x [t](dt)-coherent. □ 

Equivalence of categories with lattices. — When working with lattices, we will 
always assume that the noncharacteristic assumption (NC) is satisfied. 

Definition 1.6 (Lattices). — Let M,M,M be as above and satisfying the 
noncharacteristic assumption (NC). A lattice Mo in M is a Odxx -coherent 
submodule of M which generates M as a V DxX / x -mo&vle. We similarly have 
the notion of a lattice in a XV an xX" m odule and in a 2?A'[f](<9t)-module. In 
a £Vi x x(*oo)-module, a lattice Mo is a coherent Opi X A'(* 00 )-module which 
generates M as a XVxx/.Y(*°o)-module. 

We say that the lattice M o ( resp. Mo, M 0 ) has Poincare rank one if, for 
any vector field £ on X, one has fMo C Mo + d t Mo (resp. ...). 

Notice that, if Mo is a lattice in M (resp. Mo is a lattice in M), then 
Mo = M (resp. Mo = M) out of E (“out of” is as in Remark 1.3(2)). 

Corollary 1.7. — Same statement as that of Cor. 1.2(1) for the categories 
of pairs (M,Mq) of a V-module with a lattice. 

Proof. — See Appendix, Remark A.3. □ 

l.b. Partial Fourier transform. — Consider the isomorphism of algebras 

V X [t](d t ) ^ Vx[T](d T ) 

which is the identity on V x and such that t i—> — d T and <9 t i—> r. Any V x [t] (9 t )- 
rnodule M becomes a 7?A'[T](9 T )-nrodule via this isomorphism, that we de¬ 
note M and that we call the partial Fourier-Laplace transform of M in the 
t-direction. 

Clearly, if M is l?x[i](^)-coherent, then M is 2?.Y[T](3 r )-coherent and 
conversely. Using the homological characterization of holonomic modules 
(cf. Appendix, §A.a), one gets: 


Proposition 1.8. — M is holonomic iff M is so. 


□ 
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Denote by DM the left X>x[t](d t )-module associated to the right Vx[t](d t )- 
module T>x[t](dt}). It is also liolonomic. Notice that we clearly 

have 

In local coordinates, the left-right transformation is expressed using the trans¬ 
position of operators P t—> t P. 

Denote by P e-> P the involution of the algebra T>x[t\{ d T ) which is the 
identity on T>x and such that r = —t and d T = —d T - One has *P = t P. One 
deduces that 

(1.9) DM = DM. 

It follows from [25] that 

G := T>x[t, r~ 1 ](d T ) ® M = Ox[t,t~ 1 ] ® M 

T> x [T](d T ) Ox[r] 

is Px [t] { d T )-holonomic if M is so. Put 9 = r _1 and identify the action of 
t = —d T on G with that of 9 2 dg. It also follows from [25] that G is holonomic 
as a X>x[#](d< 9 )-module. 

Remark 1.10 (Inverting d t ). — Consider the T>x[t\(dt (-module 
M[dr 1 ]:='Dx[t](9 t ,dr 1 ) ® M. 

■Dx[t\(d t ) 

This is a holonomic I?.Y[l](9t)-module, being the inverse partial Fourier trans¬ 
form of G. The kernel and the cokernel of the natural morphism M —► M[<9 t _1 ] 
are thus holonomic. Moreover, they take the form p + N',p + N" for some holo¬ 
nomic Px-modules TV', N" (this follows from Kashiwara’s equivalence applied 
to holonomic PjYH(3 r )-modules supported on r = 0, after partial Fourier 
transform). 

If M is an object of T-lolreg- s ('Dx[t]{dt)), then so is p + N ', and this implies 
that N' is dx-locally free of finite rank ( i.e ., a vector bundle with a flat con¬ 
nection) . 

If moreover p satisfies Condition (NC) with respect to M, it follows from 
Cor. 1.12 below that N" is Ov'-locally free of finite rank, from what we also 
deduce that M is Ox -flat and that M[<9 t -1 ] also belongs to 'Holreg-£{'Dx\t\{dt)). 
Let us sketch a proof of the local Ox-freeness of N choose any local coor¬ 
dinate x on X , and consider, as in §A.b.3, the vanishing cycles functor; then 
(j) x M an = 0 (cf. Appendix § A.c.l, last part of the proof of Theorem 1.11) and, 
by Corollary 1.12, we also have 0a;A/[T _1 ] an = 0; as the functor 6 X is exact on 
holonomic £>ji anxX -modules (see, e.g., [43]), we conclude that <j> x N" = 0; as 
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this vanishing result holds for any local coordinate on X, this implies that N" 
is a vector bundle with a flat connection. 

l.c. Regularity of the partial Fourier transform 

Theorem 1.11. — Let M be a holonomic T>x[t\(dt)-module with singular lo¬ 
cus contained in E. Assume that M is regular, including along oo. Then 

(1) the partial Fourier transform M an is regular on A lan x X (but usually 
not at oo,), 

(2) under the noncharacteristic assumption (NC), M an is smooth out of 
{0} x X c A lan x X. 

Proof. — See Appendix, §A.c.l. □ 

Corollary 1.12. — Under the same conditions and with the noncharacter¬ 
istic assumption (NC), the 0 \[t, T _1 ]-modu/e G is coherent. 

Proof. — Denote by p : P 1 x X —> X the projection. Under the noncharacter¬ 
istic assumption, p*G is Oj lxX (*0Uoo)-coherent, as a consequence of 1.11(2) 
and [25]. Therefore, G is Ox [t, r _1 ]-coherent. □ 

Starting from a regular holonomic TfoxX-module A4 with singular locus 
contained in E and satisfying (NC), we have considered the following objects: 
its extension Ad as a holonomic T , pi x x(*oo)-module, 

- the algebraization M = p*A4, which is a regular holonomic Vx[t\(dt)~ 
rnodule, 

- the Fourier transform M of M, which is a holonomic T>x^j\(d T )- module, 

- the localization G = Af[r _1 ] of M along r = 0, which is a holonomic 
T>x [t] (d T (-module and also a coherent Ox[t, t” ^-module with a flat connec¬ 
tion, regular along r = 0. We denote by rkG the generic rank of G an as a 

°Ai“xX' m0clllle - 

Definition 1.13. - Denote by T the composite functor M i—> G from 
TColreg-^ ^Q^iVjjxx) to the category of coherent Ox[t, T _1 ]-modules with a 
flat connection, regular along r = 0. 

Remark 1.14. — Under the condition (NC), G is not far from being locally 
Ox[t, T _1 ]-free. More precisely, locally on X, there exists N such that G© 
Ox[t, t - 1 ]^ is Ox[t, r _1 ]-locally free. Indeed, let D' be a neighbourhood of 
t = oo in P 1 with coordinate 9 = t~ 1 and let Q = G an on D' x X. As G 
is regular along 9 = oo and has pole along 9 = 0 only, we have G = p*G- 
On the other hand, since G is a ^-module with flat connection, it is 
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locally stably free (cf. [37]), so that, locally on X , there exists N such that 
Q ® Od'xx[0~^] n is free. Equip Od'xx [9 1 ] w with the trivial connection d. 
We clearly have 

[a©( 0D'xx[0-T,d)r =g®F(Ox[e,e- 1 ] N ,d). 

Apply then Corollary 1.4. 

Examples 1.15 

(a) The condition that p : E —> X is finite insures that M an has regular 
singularities. If p is only quasi-finite, this may not hold. If for instance X 
is a disc with coordinate x, consider the Fourier transform M of the regular 
holonomic P^^K^-module of which (xt — l) 1 / 2 is a solution; then M contains 
the line x = 0 in its singular locus and is irregular along this line: indeed, define 
M as the quotient of Vx[t]{d t ) by the left ideal generated by the operators 

(xt - l)d x - if, (xt - 1 )d t - \x, xd x - td t ; 

the Fourier transform M is the quotient of T>x[T\(d T ) by the left ideal generated 

by 

(xd T + l)d x - \d T , (xd T + l )t + \x, a :d x + d T r, 
which contains the operator —x 2 d x + r + ^x responsible for the irregularity 
along x = 0 when r/0. 

A more precise relationship between the characteristic variety of M and the 
irregularity of M along x = 0 is given in [53, Chap. 3, Prop. 4.5.7]. 

(b) Consider the system satisfied by the function (t 2 — a; 3 ) 1 / 2 , i.e., the quo¬ 
tient M of Dx[t](d t ) by the left ideal generated by the operators 

Pi = -td t ~ \xd x + 1, P 2 = -td x - ^x 2 d t . 

The singular locus E is defined by f 2 = a; 3 , so p : E —> X is finite, but {a: = 0} 
is characteristic with respect to E, hence it is characteristic with respect to M 
(as Tg(A lan x X) is a component of the characteristic variety of M). 

The Fourier transform is the quotient of T>x [a - ] (d T ) by the left ideal generated 

by 

Pi = rd T - \xd x + 2, P 2 = d T d x - fra: 2 , 
which also contains 

d x Pi — rP 2 = — |x9 2 + | d x + | t 2 x 2 , d T Pi + |a :P 2 = t 2 8 t + 3<9 T — t 2 x 2 . 

One checks that, near a point where r 7^ 0, the characteristic variety contains 
the component x = 0, r = 0, where (r, x, r, are the symplectic coordinates 
on T*(A lan x X). Therefore, the singular locus of M contains {a: = 0} and 
G = Ox[t, r _1 ] ®Ox[r] Af is not Ox[t, r _1 ]-coherent. 
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l.d. Partial microlocalization. — Assume that we are given A4 as in 
Corollary 1.7, with M. in 'Holreg Yl {'P > Dxx)- In general, we cannot recover 
M or G in an “algebraic” way from M. Put (abusing notation) Cbc[0] = 
(im Ox[9\/9 n . We will show in this paragraph that it is possible to recover 
G A := 0x[0] ®Ox[8] G from the partially microlocalized object . 

Throughout the remaining of this section, we assume that the noncharac¬ 
teristic assumption (NC) is satisfied for M. 

We work with the sheaf of fcn'mal relative microdifferential operators on 
D x X, that we denote by £dxx/x (see, e.g., [47, 61]). Denote by 9 the 
variable corresponding to df 1 in £dxx/x- We implicitly restrict this sheaf to 
the image of the section dt of ( T*D) x X, that we identify with D x X, so that 
we view £dxx/x as a sheaf on D x X. Local sections of £dxX/x are formal 
series - o aj(t,x)6 J , where the aj are holomorphic functions defined on a 
common open set of D x X. The commutation rule is given by 

OO r\ 

e-a(t,x)=J2(- D fc (^) (a)-9 k+1 . 

k—0 

One identifies T>nxx/x with the subring of £dxx/x consisting of polynomials 
Sjsjo a i(^> :r )^ J i n ^ v ^ a e-> 9~ x . 

If M is a coherent V DxX /x- m0< - iule, we denote by 

(1.16) M M = £dxx/x ® M 

T ) dxx/x 

the corresponding (formal) partial microlocal module. Notice that A4 M comes 
equipped with a natural action of differential operators on X. In order to take 
this action into account, consider the sheaf 

(1.17) '£ > dxx/d{(0)}{9 1 )-='£ > dxx ® £dxx/x 

'Ddxx/x 

of formal series where Pj are sections of V DxX /d defined on a fixed 

open set and of degree bounded independently of j. It contains £dxx/x as a 
subsheaf, and we have = Hdxx/dW^ - 1 ) ®r> DxX -44- 

Proposition 1.18. — Let M. be an object of TLolreg- s ('Djj x x), let M = p t M 
and G = M[<9 t -1 ]. Under the noncharacteristic assumption (NC), 

(1) p*Al M is Ox^Wd -1 ]-coherent; the natural action oft and of the vector 
fields on X defines on it a flat connection, such that t acts as 9 2 dg; 

(2) the natural morphism 

G A := Oxmie- 1 ] 0 G —> p^M^ 

Ox[8,8-t] 
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is an isomorphism of Ox [0][0 1 }-modules, compatible with the Vx\9\[9 1 ](9g)- 
module structure. 

We have denoted by V x\9\[9~ 1 ]{dg) = Vx\9\[9~ 1 ]{9 2 de) the sheaf 

Oxl9\[9- 1 } ®o x [8- 1] 2?x[0 _1 ](i), with the identification t = 9 2 dg. 

Proof. — For the first point, use that A4 M is supported on E and apply the 
standard preparation theorem. 

For the second point, denote by £a 1 xx/x the sheaf on X having formal series 
Y2j^j 0 aj{t,x)Qi as sections, where the aj are sections of Ox[t] on a common 
open set. It contains Ox[t](d t ) as a subsheaf. We then have a morphism 

G A = Oxiewe- 1 } 0 M^£# xX/x ® M, 

Oxie- 1 ] o x [t](d t ) 

hence a well defined analytization map G A —► p*M^. Both objects are 
equipped with a flat connection and the previous morphism is obviously 
compatible with the connections. The kernel and cokernel of it are therefore 
of the same kind. It follows from [37] that all these objects are locally stably 
Gx[#][0 -1 ]-free. Hence, after adding a suitable power of (0x[0]][0 _1 ], d ) to 
both objects, we may assume that, locally on X , they are G.Y[0][$ _1 ]-free, as 
well as the kernel and the cokernel of the analytization map. As a consequence, 
in order to show that the kernel and cokernel are zero, it is enough to show 
this fact after restriction to any x° £ X. 

Choose x° £ X. By flatness of £dxx/x over T>dxx/Xi and as p is finite, the 
restriction to x° of p*AP is p* of the microlocalized module associated to M°. 
An analogous result also holds for G, hence for G A . Last, we know that the 
morphism G A —> is an isomorphism when X is reduced to a point (see, 

e.g., [52, Prop. 2.3]). Hence, G A —> p*AI M is an isomorphism after restriction 
to x°. □ 

Relation with microlocalization. — We still assume that M satisfies (NC). Let 
(c,x°) £ E C D x X and let { r/i ,... be the inverse image of (c, x°; 1) £ 
T*D x {x°} in Char A! n T* cx o^{D x X). Denote by £dxx,ti the germ at 
(c,x°-,r]) £ T£ c x o^{D x X) of the sheaf of (formal) microdifferential operators 
on D x X. Then by (NC) and the Preparation Theorem for microdifferential 
operators, 

•^(c,x 0 -,rji)'- = ^ D ^X,(c,x 0 -,Tii) ® M.{c,x °) 

A’DxX,(o,x<>) 
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has finite type over (A.y >a; o [0] [0 *]• Notice that, denoting on the right by 
the partial microlocalized module, we also have 


M 


u 

(c,X°\T) i) 


= £ 


DxX,(c,x°;r)i) 


®Dxx /D (W>(e- 1 )x» 


M 


n 

(c,X°‘, 1 ) ’ 


The natural morphism of Ox,x° [#] [9 1 ]-modules 


(1.19) 


M 


u 

(c,a?°; 1) 


© M 


i-1 


M 


is compatible with the connections. It is moreover known that both 
Ox,x° J$] [0 _1 ]-modules have the same rank. Arguing as in Proposition 1.18(2), 
we conclude that this morphism is an isomorphism. This justifies the ambigu¬ 
ous notation AdG 


l.e. Partial microlocalization and partial Fourier transform with a 
lattice. — Recall that we assume (NC). Let Ado be a lattice in M. Denote 
by £dxx/. y(0 ) the subsheaf of £dxx/x having sections ^2j^o a j(t,x)9 J , and 
put = image [£ Dx x/x(0) ©o Dx x -Ado -> M^] . Then M% is £ Dx x/x(0)- 
coherent and supported on £, therefore p*Mq is Ox [0]-coherent, by the Prepa¬ 
ration Theorem for microdifferential operators. Notice that, by definition, 

p*M ft = Oxiojie- 1 ] ®o x m p* m o- 

Proposition 1.20. Assume that p*A4g is O x\9\-locally free of rank equal 
to rkG. Then, 

(1) G is Ox[0,0~ 1 ]-locally free (of rank rkG); 

(2) there exists a unique Ox[9]-locally free submodule Go C G of rank rkG 
such that G = Ox[9, 0 _1 ] ®e> x [e] Go and, under the isomorphism of Proposition 
1.18(2), we have O x {9\ ®o x [e\ Go ^>p*Mq. 

Moreover, the construction of (G, Go) is compatible with base change. 

Proof. — We know, by Corollary 1.12, that G is Ox[9, 0 _1 ]-coherent. Denote 
by C the chart of P 1 with coordinate 6, and consider G an on C x X, which is 
(Ac xx[0~ ^-coherent, and (Ac*xx-locally free of rank rkG when restricted to 
9 0, as it has a flat connection (see also Theorem 1.11(2)). 

It follows from [37, Prop. 1.2] that there is a bijective correspondence between 
lattices of G an and lattices of G A , where a lattice means here a coherent OcxX- 
rnodule ( resp. a coherent G.\'[^]-niodule) which generates G an or G A when 
inverting 9. Moreover, in the analytic case, such a lattice coincides with G an 
out of 9 = 0. 
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As we have seen above, p*Mq is a lattice of p*M^. Hence, from Proposition 
1.18(2), we obtain a lattice Gq of G A , and consequently a lattice Gg n of G an , 
such that O x {0\ ®e> CxX Gg n = Gq. 

As G has regular singularities along 6 = oo, we have G = )5*G an . We 
therefore define G 0 as j5*G“. In particular, G o [0 -1 ] = G. 

Assume now that p*Mq is 0x[0]-locally free of rank rkG. Then Gg 11 is also 
GcxX-locally free of rank rkG. Cover X by open sets U for which there exists 
a disc D' centered at 6 = 0 such that Gg n is Od'xU when restricted to D ' x U. 
Apply then Corollary 1.4 to obtain that Go is Ox[Q \-locally free and that G is 
Ox[0, d _1 ]-locally on any such U. 

Let us now consider the base change. We will assume that i : X' X is 
a closed inclusion. The case of a projection is easy. Notice first that, even 
without any assumption of local freeness, the functor T (c/. Definition 1.13) is 
compatible with base change i* (also denoted by i +0 in order to take account 
of the d t or d T action). Consider now the composite mapping 

£dxx/. y(0) ® Mo—» Mq c —> £dxx/x ® M. 

Odxx 'Ddxx/x 

As £dxX/x (0) is OdxX-R at and i* is right exact, we have a surjective mor¬ 
phism i*(Mo) —> {i*MoY an d, as p is finite on E, a surjective morphism 
i*(p*Mq) = pX*(Mq) —> p*(i*MoY. This morphism becomes an isomor¬ 
phism after inverting 0 and, by assumption, the left-hand term is locally free 
of rank rkG over G.\'/[0]. It is therefore an isomorphism. □ 

Remarks 1.21 

(1) If AT is reduced to a point, then one may also construct Go from Mq in 
the following way. Denote by Mq the image of Mq in M[dfi l ] by the natural 
morphism M —> M[dfi 1 ] = G. Then Go is the C[0]-submodule of G generated 
by Mq (indeed, this submodule satisfies the required properties for Go, see [52, 
Prop. 2.1 and 2.3]). 

(2) If Mq is a lattice in M, one defines microlocal lattices Mq , c x o. Vi y and 
(1.19) induces an isomorphism of the corresponding lattices. 

(3) By the very definition of Go, we have Gq/OGq = p*Mq/6p*Mq. 


l.f. Behaviour with respect to duality 

Proposition 1.22. — The functor 2r (cf. Definition 1.13J commutes with the 

-* 

duality functor of each category, up to conjugation, i.e., T(DAI) = 5F (M) . 
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Proof. One considers each individual functor entering in 'J. For AI i—> Al, 
the commutation with duality has been seen in Proposition 1.1. For the alge- 
braization p*, this is stated in Corollary 1.2(4). For the Fourier transform, this 
is (1.9). For the localization and the equivalence “localized V -modules •o- mero- 
morphic connections”, apply first Lemma A.11 to Q defined in Remark 1.14, 
and then use that G —p^Q. □ 

Recall that, if G is any coherent Ox[t, r _1 ]-module, we denote by G the 
Ox-module G with an action • of C[r, t - 1 ] defined by r • g = —rg. If we denote 
by g the element g when viewed in G, we will write rg = —rg = —rg. If G 
is equipped with a connection V, then G is equipped with the connection V 
such that Vo T ~g = —and = V^g if £ is a vector field on X (this is 
compatible with the notation used in (1.9)). Notice that rVg T p = rVg T p. 

A sesquilinear pairing S on G is a Ox[r, T _1 ]-linear morphism 

S:G <g> G — > Ox[t, r -1 ] 

Oxir.r- 1 ] 

compatible with the connections. We say that S is nondegenerate if it in¬ 
duces an isomorphism (compatible with the connections) G GU G, with 
G* := 7-foTOe> x [ T r -i](G, Ox[t, t -1 ]). We say that S is w-Hermitian ( w £ Z) if 

S(g",g') = (-irWIn- 


Corollary 1.23. — Let Al be an object of Holreg-^^Q^Voxx)- If IP : 
DAI —y Al is a morphism, then the morphism 3 r (fP) : G —> G induces a 
sesquilinear pairing S on G = 1F(A1). //Ker IP and Coker IP are OnxX-locally 
free of finite rank, then S is nondegenerate. If the adjoint DIP : DAI —> DDAI = 
A! is equal to (—1) W J’, then S is w-Hermitian. □ 


Similarly, for any (c,x°) € E, IP induces a morphism f ,l ^ cx o\ ■ DAIJ) j0 ) —+ 
AI(* ca: o), where the duality is taken as L > D xx/D((^))(^~ 1 )(c,x o y' mo< I u les (see 
(1.17)): indeed, by flatness of 'D DxX / d ((O))(0~ 1 )^ x o^ ) over V DxX ,( c ,x°), and 
using that left-right transformations commute only up to conjugation, we have 
a canonical isomorphism DAI^, x0 s -A-> (DAl)^, x „y Using Remark A.13(1), we 
get a sesquilinear pairing 


Sfc,*.) = M^ x0 


o x ,x°m [o- 




Ox,x 


-ll 


The analogue of Corollary 1.23 holds for S^. 

Let Go be a coherent Ox [r _1 ]-submodule of G such that 
G = Ox[t, t _1 ] ® G 0 . 

Ox[T~ '] 
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Consider similarly Go := Go C G and Gg C G* (we identify Gg with the sheaf 
of homomorphisms A : G —► Ox[t, t^ 1 ] such that A(Go) C Ox^ 1 ]). 

Definition 1.24. — The nondegenerate sesquilinear pairing S is said to be 
Hermitian of weight w on (G, Go) if S is ie-Hermitian and if the isomorphism 
G —> G induced by S sends Gq onto t w Go, in other words if S induces a 
perfect pairing 

Go ® G 0 —> t“”Ox[t _1 ]. 

Oxlr- 1 ] 

Proposition 1.25 (A microdifferential criterion). — Let M be an object of 
1-tolreg-^ ^Q^Vuxx) with a lattice Mo- Let T : B M —> M. Assume that 

(1) Mo has Poincare rank one (cf. Definition 1.6), 

(2) IP satisfies all assumptions of Corollary 1.23, 

(3) for some x° £ X, p*Mg x o is Ox,x o l@}~free of rank rkG, 

(4) p.SZ 0 (p.M% >x o*) = 0~ w P*M^ xO (i.e., is Hermitian of weight w 

on (M x o,Mo x a))- 

Then S is Hermitian of weight w on (G, Go) in some neighbourhood of x°. 
Proof. — It will have three steps. 

(1) Consider the filtration F. by the order of differential operators onVoxx 
and extend it on D Dx x/d ((0))(0 _1 ), so that F -l = 0 and Fo = £dxx/x(0 ) (this 
is the filtration considered in Remark A.13(1)). The lattice Mo induces a good 
filtration F^M. = F/-Ddxx • Mo- Similarly, p*Mg induces a good filtration of 
p^M 11 as a Ddxx/d{{6})(@~ 1 )- module. At the level of Rees modules (cf. § A.d), 
we have 

(1.26) RfP*M ix = RfDdxx/d^O))^- 1 ) ® RfM. 

Rf'Ddxx 

As Mo has Poincare rank one, we have FkP*M^ = 6~ k p*Mg for any k ^ 0. 
By Assumption 1.25(3), RfP*M m is free as a RfOx,x° [0] [0 -1 ]-module. There¬ 
fore, we may apply the analogue of Lemma A. 12 to conclude that the dual 
complex of RfP*M x o has cohomology in degree dim X + 1 only, and that the 
filtered module V>p*M x o is identified with (p*M x o)* with the filtration dual to 
F.p*M x o. In particular, FgIbp*M x o = (p*Mg x o)*. 

Assumption 1.25(4) is therefore equivalent to the fact that f x o strictly shifts 
the filtrations by w (up to conjugation). 

Using flatness of RfDdxx/d^))(^~ 1 ) over RfDdxx and (1.26), identify 
the filtered module Bp*_M M with the filtered module P ) dxa/dW(^~ 1 )®'Ddxx 
DM. Then, Assumption 1.25(4) is also equivalent to the fact that Id®lP a ,o 
strictly shifts the filtrations by w. 
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(2) By Assumption 1.25(2), S is Hermitian of weight w on (G, Go) if and 
only if S A is so on (G A ,G((). 

Denote by V the sheaf Dx[0 ,0 _ 1 ](f), with 0 _1 = d t , and by T> A its tensor 
product by 0x[#][# -1 ]- We therefore have G = D ®v x \t](d t ) M and G A = 
D A <g) v x [t\{dt) M. Let F.Vx[t](dt) be the filtration by the degree of differential 
operators, denote by F,T>, F,V A the similar filtrations. 

We may argue as in the first step, starting from ( M,M 0 ): indeed, Mo also 
has Poincare rank one and, by Assumption 1.25(3) and Proposition 1.20, Gq jD 
is also free. One also uses Remark A.13(2). 

Hence, S is Hermitian of weight w on (G, Go) near x° if and only if Id<g>CP : 
D A ®D x [t\(dt) ~* D A M strictly shifts the filtrations by w. 

(3) Last, we conclude by noticing that the analytization morphism 
®v x [i\(d t ) • ->• P.^dxa/dW^' 1 ) <8)v x [t]{d t ) •) is strict with respect 

to the filtrations. □ 


2. Gauss-Manin system and Brieskorn lattice 

2.a. The setting. — Let A N be the affine space with coordinates ui ,..., un- 
Let A be a complex manifold and let U C A N x A be the closed subset defined 
by an ideal in Ox[u i,..., mat]- We assume that the projection q : U an —> X is 
smooth of relative dimension n, with n ^ 0. 

Let F be a section of Ox [«i, ...,«jv]. It defines a function F : U —> C. We 
put $ = (F, g):r- 4 Cx X. 

Let 8 a denote the distance function to some point a € A N . For x G A, 
put U x = q~ 1 {x) C A N . If x° e A is fixed, put U° = q~ 1 (x°) C A N and 
/ = Fu° '■ U° C. We will assume that / has only isolated critical points. 
We will denote by /r = p,(f) the sum of the Milnor numbers n(f,u) of / at its 
critical points u. 

Following [45], we say that / is M-tame if, for some choice of a £ A N , for any 
77 > 0 there exists R(ji) > 0 such that, for any r > R{rf), the spheres S a (x) = r 
are transversal to / _ 1 (t) for any t with |£| ^ 77 . 

Denote by D(0,ri) the open disc centered at 0 in C and B(a,R) the open 
ball centered at a in A N . 

If / is M-tame, there exist 77 > 0, R > 0, e > 0 and a neighbourhood of x° 
in A, that we still denote by A, such that 

(1) all critical points of / are contained in U° fl B{a , R — e) fl / _ 1 (D(0, 77 )), 

(2) the fibers $ _1 (£, x) C A N are transversal to the spheres 8(x) = r for any 
x € A, t. e D( 0, 77 ) and r G ]R — e, R + e[, 
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(3) moreover, the fibers / 1 (t) = 1 (f, x°) are transversal to spheres 

S(x) = r for any r > R — e and t G D( 0, rj). 



Figure 2 

In the following, we fix a, 77 , R, e and X as above. We denote by B the open 
set UCiB(a, R) CiF~ 1 (D(0, rj)) and we put D = D(0,r]). We therefore have the 
following diagram: 



Let C denote the critical set of $|g (see fig. 2). Then : C —> A 1 x X is 
finite onto its image and q\c '■ C —> X is finite and onto (at least if C is not 
empty). We also denote by C' the other components of the critical set of $ 
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in U , on which $ may not be finite. Notice that C U C is locally a complete 
intersection, being defined by the vanishing of the partial derivatives of F with 
respect to “vertical” local coordinates on U an . As q\c is finite, we get: 

Lemma 2.1. - The sheaf q^Oc is Ox-locally free of rank p. □ 

Remark 2.2. Denote by Ug/ Y the sh eaves of holomorphic differen¬ 
tial forms relative to the smooth morphism q : B —> X. Then the 
complex (fig/ Y , d^/ x FA) has cohomology in degree n only. Moreover, 
fig/ Y /( d B / x F A flg/ Y ) is supported on C and, locally on X, is isomorphic to 
Oc (by choosing a local generator of flg/ Y near each point of C ft < 7 —1 (a?))- 
Hence, g* [fig/ x /(^B/xF A flg/ Y )] is q*Oc ~locally free of rank one. Notice 
also that the complex ($*(flg/ x ), d B / x F/\) has cohomology in degree n only, 
as $ is Stein. 

Let £ be a local section of the tangent sheaf 0 Y , be., a local holomorphic 
vector field on X. Choose a local lifting £' of £ as a vector field on U an and 
consider the class of (F) in Oc- By definition of C, this class does not 
depend on the choice of the lifting, because £ V (F) belongs to the ideal of C if 
r\ is “vertical”. We therefore denote this class by (F)]. 

Definition 2.3. — The Kodaira-Spencer map <p attached to $ is the O x - 
linear morphism 

Ox — q*O c , £^[Ct(F)]. 

Remarks 2.4 

(1) Usually, the critical locus of $ on U contains components other than 
C, on which <f> may not be finite. In other words, the function F(-,x) on the 
smooth affine variety U x may have critical points which disappear at infinity 
when x —> x°. By the choice of B, we do not care about these critical points. On 
the other hand, B is big enough so that restricting to B looses no information 
concerning / on U°. 

For the same reason, we do not assert that, for |t| < r], the fibres {F(-,ai) = 
t} C U x and {F(-, x) = t} fl B{a 1 R) have the same topological type. This only 
holds a priori for the fibres / = t on U°. 

(2) We may replace the affine manifold U with a Stein closed submanifold 
U&n 0 £ B(a, R + s) x X. In such a way, one recovers for instance the classical 
“local” situation of an isolated critical point of a holomorphic function. 

Examples 2.5. — In the examples below, we consider a regular function / : 
U —* C on an affine manifold on which global coordinates exist (U = C" 
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or U = (C*)") and we consider a one-parameter family F(-,x) = f + xg on 
U = UxX, where the class of g in the Jacobian quotient 0 (U) / (df) is nonzero. 

(1) Consider the following situation (c/. [50, §3.3.7]): U = A 2 x X, X is 
a disc with coordinate x and F(uq,u\,x) = Uq + u\ + xuqu\. Then, for any 
x, F(-,x) has a critical point at uq = «i = 0 with Milnor number equal to 
(5 — l ) 2 = 16. For any x ^ 0 , F(-,x) has five other critical points j^((, 1/C) 
with C 5 = —1. These points disappear at infinity when x —> 0. The first Betti 
number of the smooth fiber of f = F(-, 0) is 16, but that of the smooth fiber 
of F(-, x) for x 7 ^ 0 is 21. 

(2) Let U = (C*) 2 and U = U x X. Consider the function f ( 111 , 112 ) = u\ + 
U 2 +l/(uiU 2 ) (cf. [3]) and the perturbation F(u\, U 2 , x) = f (ui, U 2 )+x/( 111 U 2 ) 2 ■ 
Then f has 3 critical points and, for x ^ 0, F(-, x) has 5 critical points, two of 
them approaching U\ = 112 = 0 when x —> 0. The corresponding critical values 
go to infinity. A simple Euler characteristic computation shows that the Betti 
number of the smooth fibre of F(-, x) is strictly bigger than that of / if x ^ 0. 

(3) In both previous examples, the critical locus of <I> contains compo¬ 
nents other than C, but $ remains finite on all the components. One may 
vary a little bit the previous example to obtain an example where $ is not 
finite on these other components: take F = f + xf 2 . Notice that, up to 
a constant, / 2 and l/(u\U 2 ) 2 have the same class in the Jacobian quotient 
<C[u±,Ui ,U2 ,v,2 ]/ (u\df / du\,U2df/dv,2)- The conclusion concerning the 
Betti numbers remains the same. 

2.b. The Gauss-Manin system. — We collect here various known results 
concerning the Gauss-Manin system (cf. [9, 47, 48, 49, 63, 46, 58]). These 
usually apply to a local situation around each critical point of /. We will show 
how to adapt them to the global situation considered here. The results of [62] 
will be useful. The presentation follows that of [58]. 

The Gauss-Manin complex is the direct image complex <& + Ob in D b (T>d x x)- 
Choosing local coordinates (aq,. .. ,x m ) on X, so that q = (q ±,..., q m ), with 
associated vector fields d Xl ,..., d Xm , we may express it as 

<$ + o B = (% +m+ - [d t ,d xi ,..., d Xm \, v), 

with V defined as 

V(ry 18) P) = dp G> P — ^ dqj Aq® d Xi P — dt A q <g> d t P. 

3 

The T>d x x -structure on the complex is defined by 

d t (r]t®P) = r)®(d t P), d Xi (rj®P) = q®(d Xi P), g(t, x) ■ (77® 1 ) = g(t, 2)77® 1 . 
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The Gauss-Manin system is the "DoxX-module M = 7Y°(<1> + Og). As we will 
see below, when the conditions of § 2.a are satisfied, the other cohomologies of 
$+06 are 0_Dx.Y-locally free of finite rank, the rank being computed in terms 
of the Betti numbers of B. 

Consider the filtered complex F k (flg +rn+ ' [d t , d xi ,..., d Xm ], vj, with 

(2.6) F k n% +m+ *{d t ,d xi ,...,d xm }= ^B +m+e d a 

\a\^.k-\-£ 

and d a = <9“° d x ( ■ ■ ■ d x ™. 

Recall (see [58, Lemma 2.2]) that, taking the realization of i?$* using the 
Godement canonical flabby resolution, we have 

$+0 6 = lim R<f>,F k Ul n + m+ - [d u d Xl ,..., d Xm ], v). 

k v ' 

As $ is Stein and as each term in F k is 06-colierent, it follows that 

$+06 = ($*flg +m+ ’ [d u d Xl , . . ,, d Xm ], V) . 

If we forget the P.v-structure on $+0e, we may compute this complex as 
a relative de Rham complex, i.e., as the direct image of i+06 viewed as a 
^DxB/x-module, if i : B c -> D x B denotes the graph inclusion of F (see [58, 
Lemma 2.4]): 

Proposition 2.7. — For any j £ Z, 7T'$+06 is isomorphic (as a V DxX / x - 
module) to the j-th cohomology of the complex 

[d t \,d B /x — d t d B / x F A ^, 

where the Onxx(dt)-action is defined by the usual formulas: 

dt ■ [v dt] = [gdt +1 ], g(t, x) ■ [rjd t \ = [,g(F , x)rjd t \ - \g' t (F, x)rj\. 

In particular, WQ+Ob = 0 for j > 0. □ 

Remark 2.8. — One may filter the previous complex using a formula anal¬ 
ogous to (2.6). Then the previous proposition holds true with filtration 
(cf. loc. cit.). 

The main finiteness result for the Gauss-Manin system of M-tame functions 
is a direct application of general results for “elliptic pairs” proved in [62], 

Theorem 2.9. — The Gauss-Manin complex satisfies the following properties: 

(1) The cohomology modules TV ($+ Ob) are coherent, holonomic and regular 
Hdxx- modules. 
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(2) TIP (<f>+Og) = 0 for j ^ 1 and W (Q+Ob) is a locally free OoxX-viodule 
of rank dim H^ +n (JA°) if j < 0. 

(3) The direct image A4° := TL° f+Os° is equal to the restriction to Dx {a; 0 } 
of M an := (H°f + Ouo) an . 

(4) The fibres of the projection p : D x X X are noncharacteristic with 
respect to the Gauss-Manin complex <k + 0g and we have if. a M. = 7d o (/+0go). 

(5) The Poincare duality morphism induces a Vjj x x~linear morphism 
D M. —> M, the kernel and cokernel of which are OuxX-locally free of finite 
rank. 

( 6 ) The filtration of M induced by (2.6) is good. 

Proof. — We apply [62, Cor. 8.1] to 

- the morphism <F : 4)" 1 (I1(0, if) x X ) —> D( 0, 77 ) x X , that we restrict to 
the family of open sets B(a, r) x X with r G ]i? — e, R + e[, 

- the constant sheaf restricted to U C (B(a, R + e) x X) and 

- the P-module Ou restricted to this open set. 

We conclude that 4> + 0g has coherent P_D X x-cohomology and that we have a 
morphism 

D 

in D b (Vjj x x ), where denotes the direct image of 2 ?-modules with proper 
support (we have used that Ob is selfdual). Using [62, Th. 7.5], we get the 
usual Kashiwara’s estimate for the characteristic variety of the direct images 
$ + or showing that their cohomologies are holonomic Poxx-nrodules. 
Moreover, the same argument as in [62, Cor. 7.6] shows the 0£>xA:-local freeness 
of W{<&+Ob) for j ^ 0 (recall that W($+Ob) = 0 for j > 0, cf. Proposition 
2.7). That the cohomology of the cone of 4>|0g —> $>+Ob is 0D X x-locally free 
may be seen in the same way. 

Let us show the regularity of 4> + Og (by the previous arguments, we would 
only need to show the regularity of M). Let Z be a hypersurface in D x 
X. Notice that we also may apply the results of [62] to the localized module 
Ob{*^~ 1 {Z)), as it also satisfies the ellipticity condition. We may work with 
$•1 Ob instead of 4>+Og. Therefore, we may apply the same argument as in 
[41] for the direct image of the irregularity sheaf: we have 4>|0g(*<f> - 1 (Z)) ZX, 
(&}Ob)(*Z)-, the irregularity sheaf of &}Ob along Z is thus equal to of 
that of Ob, i.e., is equal to 0 . 

For the noncharacteristic property in 2.9(4), see [47, p. 281]. The “base 
change” assertion is proved as in [5, VI, 8.4] (cf. also [13, Prop. 1.6]). 

For 2.9(3), let us recall the proof given in [44, §1]. Remark first that the 
previous results also apply (with the same arguments) to f + Oyh 1 ^ D ^ for any 
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disc D r , hence to They also show that the restriction morphism 

(f+ 0 %)\d = f+o} n - 1{D) —> f+o%I 

is a quasi-isomorphism. Using a projectivization / : Z —> A 1 of / and 
denoting by j : U° =—> Z the inclusion, one finds f+Ou° = f + (j+Ou» ), 
(f+O u °) an _= 7 + {j+0 U o) an and (f+Off„) = The natural 

morphism f + (j + Ouo) an —> f + (Rj^0^l) is a quasi-isomorphism: indeed, 
as both T> A ian-complexes have regular holonomic cohomology, it is enough 
to prove this after applying the de Rham functor; this functor commutes 
with f + and Rf t (see, e.g., [42, II.5.5]); last, the natural morphism 
DR(j + C^o) an —► DR (RjtOffl,) is a quasi-isomorphism, by the Grothendieck 
comparison theorem. 

Let us end with the proof of 2.9(6). It is enough to prove the OdxX- 
colierence of the Brieskorn lattice A4o defined as FoA4. Indeed, we have 
Mq = image —> M\ = image —> M] 

= ®*{&B/x)/di3/xF A 

as the complex (Hg/^, d^/ x F/\) has cohomology in degree at most n. Now, it 
is known that the Odx x-coherence of Mo is reduced to the Od x v-coherence 
of the relative cohomology y> can be proved as in [11] for 

instance. □ 

Remarks 2.11 

(1) We may argue as in [47, p. 281] to conclude that M satisfies the non¬ 
characteristic property (NC). 

(2) If R' is a radius ^ R, then it also follows from [62, Cor. 8.1] that the 

restriction morphism 4> + C>g/ —> <L + £> (maybe defined after restriction of X to 
a smaller neighbourhood X’ of x°) is a quasi-isomorphism, which is compatible 
with the filtrations. In particular, is an isomorphism 

on I? x X'. Similarly, if one chooses another system of balls on U , then for 
sufficiently large radii R 1 the corresponding filtered Gauss-Manin systems are 
isomorphic to (A4, A4o) on D x X ", if X" is a sufficiently small neighbourhood 
of x°. Moreover, the Poincare duality morphisms are compatible with these 
isomorphisms. 

2.c. The Brieskorn lattice (case without parameters). — In this para¬ 
graph, we put U = U° and we omit the exponent °, as we do not use parameters 
(i.e., we assume that X is reduce to a point). We assume as above that U is 
affine. Let f : U —> A 1 be a regular function on U. Recall (cf. [52]) that the 
algebraic Gauss-Manin system and the algebraic Brieskorn lattice are given by 
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the following formulas, where we use algebraic differential forms on the affine 
manifold U: 

M = Q n (U)[d t ]/(d - 9 t d/A)O n - 1 (/7)[5 t ], 

M 0 = image[fl ra (/7) —+ M] 

G = n n {U)[T,T- 1 ]/(d-TdfA)n n ~ 1 (U)[T, r" 1 ] 

= O n (C/)[0,6i- 1 ]/(6'd-d/A)fi n " 1 (C7)[6i,6»- 1 ] 

G 0 = image [W(U){6] —>• G]. 

That we get such a formula for Go starting from the definition given in Propo¬ 
sition 1.20(2) when X = pt follows from Remark 1.21(1). 

Denote by f+ the algebraic direct image of XV-modules, so that M = 
7i°f+Ou- Remark that the cone of f+Ou f+Ou is the direct image of 
Ojj by the constant map. We thus have an exact sequence 

-♦ Wf+Ou H J f+Ou —♦ W +n (U,C) —> 

-> M M —» H n (U, C) —f 0 

as Wf+Ou = 0 for j ^ [— n+ 1,0]. If / is M-tame, or cohomologically tame 
(cf. [52]), then Wf+Ou is isomorphic to O 1 ^ (for some integer rj) with its 
usual <9 t -action, if j < 0. Hence the maps d t : W f+Ou —» W f+Ou are onto 
for j < 0. Therefore, we get an exact sequence 

0 —> H n -\U,C) —* M M —> H n {U, C) —> 0. 

In particular, dim H n (U, C) — dimif" _1 (/7, C) is nothing but the Euler charac¬ 
teristics of the algebraic de Rham complex of M. As M is regular (included at 
infinity), this is also the global Euler characteristics of the analytic de Rham 
complex of M an . This Euler characteristics may be computed as the differ¬ 
ence between the generic dimension of the horizontal sections of M an (which 
is equal to the generic dimension dimcp) (C(t) ®c[i] Af) of M) and the sum 
of dimensions of vanishing cycles of the complex DRM an (which is equal to 
dimc( T ) (C(r) <8>c[r] G), see, e.g., [35, p. 78]). One deduces that 

dim c(t) (C (t) ® C [t] M ) 

= dim c(r) (C(t) ® C [t] G) + dim H n (U, C) - dimH n -\U, C). 

Using that, for any c € C, the vector space </> t ^ c DRM an is equal to 
KT(j)f_ c Cu »n (cf. [52, Cor. 8.4 and proof of Prop. 9.2] for cohomologically 
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tame functions, and [44, §1] for M-tame functions), we also deduce that 
dim C ( T ) C(r) ® C [r] G = p- 

That f has only isolated singularities (and assuming n ^ 2) implies that the 
complex (Q,’(U),df A) has cohomology in degree n only, hence 

M 0 = n n (U)/df AdCl n ~ 2 (U) and G 0 = n n (U)[9]/{6d - #A)ft n-1 ((7)[0] 

(see also [16] where this is stated for cohomologically tame polynomials). 

Consider M := H°f+Ou an with its lattice Mq. M-tameness of / implies, 
as in Theorem 2.9, the regular holonomicity of M and the 0 A ian-coherence of 
Mo- We also have M an = M (see [44, § 1]), and M 0 C T(A lan , Mo) n M, so 
Mq” C Mo and therefore Mo = p*M§ n C p*Mq. Asp^Mo is finitely generated 
over C[t], this implies the finiteness of M 0 as a C[f]-module (see [52] and [44], 
see also [14]), hence, by [52], that of Go (and its freeness) as a C[0]-module, 
according to the regularity of M. 

If / is M-tame, one may also consider the direct image f+Ojs, where 
B is defined in §2.a (taking X = pt), that we now denote by Mb, and 
therefore define the analytic Brieskorn lattice Mb ,o as the image of f l n (B) in 
fl n (B)[dt]/dffl n ~ 1 (B) = f+Os■ Arguing as in Theorem 2.9, one shows that 
the natural restriction morphism M\d —^ Mb (which sends M 0 \d into Mb, o) 
is an isomorphism. 

Lemma 2.12. — The algebraization of (Mb, Mb,o) is 

Sketch of proof. The proof will have 3 steps: 

(1) We will show that Af ( an can be computed analytically. Let Z be a 

smooth partial compactification of U so that / extends as a projective mor¬ 
phism / : Z —> A 1 and that A := Z \ U is a divisor [it is not neces¬ 
sary to assume that Z is smooth, it is assumed here to simplify the no¬ 
tation], We will show that Mg 11 is equal to the image of F(Z, fl^ an [*A]) 
in Ti° / + Gz an [*A] = H°{T(Z,Ct’^f[*A])[d t ],dj). In order to do that, con¬ 
sider a smooth projective compactification Z of Z on which f extends as 
/ : Z —> P 1 . Denote by i : Z ► Z x P 1 the graph inclusion of / and put 
JV = i+Oz ( * (A U / (oo))), equipped with a natural lattice No- If q denotes 

the projection Z x P 1 —>■ P 1 , then the Opi (*oo)-module M 0 associated with 
Mq is obtained as the image of ®o z Wo) in ®o z -A/)). By 

compactness of Z, Mg 11 is computed using the corresponding analytic objects. 
Restrict then to A lan . 

(2) We show that the natural morphism Mg n —» Mo is an isomorphism by 
a Mayer-Vietoris computation. Fix some big disc D C A lan and cover f~ 1 (D) 
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by open sets B. U an \ B' for some sets B, B’ as in §2.a, with B' C B. One 
can compute M, an and Ado using this covering. One then has to show that the 
filtered direct image of Ojj™ on f~ 1 (D) \ B’ and that of 0x“[*A] (viewed 
as a filtered T>x [* A]-module) on / ( D ) \ B' coincide, as the filtered direct 
images computed on the other open sets clearly coincide. This follows from 
the regularity along A of 0x an [*A] and from the comparison Theorem (as in 
the proof of 2.9(3)): the direct image is On -locally free of finite rank and its 
filtration is the trivial one. 

(3) Last, we show that M.q\d Mb ,o is an isomorphism by showing that 
the corresponding microlocal lattices are isomorphic. By the computation 
above, this follows from the Od ~local freeness of the direct images computed 
on t/ an \ B' and on B n (f/ an \ B'). □ 

2.d. The Brieskorn lattice. — We now come back to the original situation, 
where X is not necessarily reduced to a point. Recall that, by Proposition 2.7, 
we have 

M = M^B/x)[dt}/(d B/X - d t d B/x FA)M^x)l d tl 

and that Ado is defined as the image of in Ad, which can be computed 

by (2.10). We know, by 2.9(6), that the sheaf Mo is Odxx -coherent and is 
a lattice of At. It follows from Remark 2.8 that Ado has Poincare rank one 
(c/. Definition 1.6). 

We may associate to (At, Ado) a pair (G, Go) as in §l.e. We call Go the 
Brieskorn lattice associated with F. 

Proposition 2.13. — The Brieskorn lattice is O x[d]-locally free of rank p 
and we have Go/OGq — q* [Hg/ x/ds/xF A ^.]. Moreover, the restriction 
Gq of Gq at x° is equal to the Brieskorn lattice of f |g», which is nothing hut 
the algebraic Brieskorn lattice of f : U° —> A 1 as defined in §2.c. 

Therefore, by Lemma 2.1, Gq/OGo is (Ay-locally free of rank fi. 

Proof of Proposition 2.13. — For the first part, according to Proposition 1.20, 
it is enough to prove that p*M$ is C>A'[#]-locally free. One then may argue 
as in [47, p.276-284], using the sheaves of relative microdifferential operators 
£dxB/x and £dxB/x^dxx/x instead of the absolute ones, as we do not care 
here about the I?x-structure. 

For the second part, remark that, as the tensor product is right exact, For¬ 
mula (2.10) shows that the restriction of Ado at x° coincides with Adg. There¬ 
fore, the same property holds for the algebraization Mq, and then for Go- □ 
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Theorem 2.14. — The Poincare duality morphism 2.9(5) induces a nonde¬ 
generate Hermitian pairing S of weight n = dim B/X on the Gauss-Manin 
system ( G , Go). 

Proof. — By Proposition 1.25, we are reduced to a local statement on D x X. 
Let (c,x°) € E. Choose a very small neighbourhood D c xV of (c, x°) such that 
$~ 1 (Z1 C x V) intersects small balls around each critical point above (c,x°) in 
a transversal way. This gives a covering of ^~ 1 (D C x V) by these small balls 
and the complement in 4>~ 1 (I? C x V ) of smaller balls. The theorem applies 
to $ restricted to each of these open sets: for the small balls, this is the local 
situation at a critical point, cf. [58]; for the complement of the smaller balls, 
is then smooth and the corresponding Mf.” is zero. Therefore, it applies to <f> 
itself. □ 

Remark 2.15. — The microlocal sesquilinear pairing attached to S is equal to 
the direct sum of the microlocal sesquilinear pairings attached to each critical 
point of /. It is known (cf. [58]) that these pairings are equal, up to a constant, 
to the microlocal pairing obtained from the higher residue pairings of K. Saito 

[55]. 

2.e. The Malgrange-Kashiwara filtration and the spectrum. — We 

keep notation of §2.c and we assume that X is reduced to a point. For the 
convenience of the reader, we briefly recall the basic definitions (see § A.b.3 and 
e.g., [52, §1] for more details). Let V.C[r](<9 r ) be the increasing filtration of 
C[t](< 9 t ) defined by 

R_fcC[r](9 T ) = r fe C[r](T9 T ) for k > 0 
V k C[r](d T ) = R fe _iC[r](0 T > + c^^qr]^} for k > 1. 

There exists a unique increasing exhaustive filtration V.G of G, indexed by 
the union of a finite number of subsets a + Z C Q, satisfying the following 
properties: 

(1) For every a, the filtration V a +i,G is good relatively to V.C[t](< 9 t ); 

(2) For every (3 £ Q, rd T + (3 is nilpotent on grjG := VpG/V < pG. 

By assumption, each VpG is a finite type module over C[r] (rd T ). Because r is 
invertible on G the map induced by r 

r : VpG —> Vp-iG 

is bijective. Consequently, for every (3 G Q we have C[r, r _1 ] 0c[ T ] V@G = G. 

Consider also the filtration G. of G by free C[d]-modules of rank p defined 
by G k = d~ k G 0 = r k G 0 for k € Z. 
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For (3 € Q, set 

VpG n Go/ (V/3 n G -1 + y</3 n Go) = grg (Go/G_i) 

and let vp = dim grj (Go /G_ i). Notice that, for any p. we have an isomorphism 

0 p = r- p : gr^Go/G-r) ^ gr^G./G^r). 

The set of pairs {/?, t'g} for which i/g ^ 0 is called the spectrum of (G, G 0 ). The 
spectral polynomial of (G, G 0 ) is 

SP/(S) := n^ + Z 3 )^' 

/36Q 

Its degree is equal to p. 


3. The Frobenius structure 

We keep notation of § 2 . a. We say that the family $ is a universal unfolding 
of / if the Kodaira-Spencer map <p attached to $ (c/. Def. 2 . 3 ) is an isomorphism 
in a neighbourhood of x°. We therefore restrict X to such a neighbourhood. 
We then have dim A” = p. Throughout this section we assume that X is a 
universal unfolding of /. We will recall how one may construct on the germ at 
x° of X a natural Frobenius structure on X, following the method of K. Saito 
[56] and M. Saito [58, 60], as adapted to this situation in [50]. 

3.a. F-manifold structure. — The Kodaira-Spencer isomorphism ip : 
0.Y —■» q*Oc pulls back the algebra structure of q*Oc to Ox- This defines 
a product a with unit on 0 .y ■ By definition, the Euler vector field 2 of the 
structure is v? -1 ([.F]), where [F] is the class of F in q*Oc- 

Notice that the algebra q*Oc is the direct sum of the corresponding algebras 
attached to each critical point of /. At this point, the structure is nothing but 
the direct sum of the local structures, so that we may apply the known results 
in this case: we have the structure of a F-manifold on X (see [ 23 , 22 ]). 

3.b. Frobenius structure. — We recall in Appendix B the method of 
M. Saito (c/. [58]) to find a solution to Birkhoff’s problem for the algebraic 
Brieskorn lattice Gg C G° attached to / : U° —> A 1 , starting from any filtra¬ 
tion of ©ae[ 0 .i[gi'aG o opposite to the filtration induced by G° and satisfying 
nice properties. Any nice solution (called K + -solution in Appendix B) gives a 
C[0]-basis e° of Gg in which the dg-action takes the form 

( 3 . 1 ) 0 2 d e e° = e°- (AZ + dAco), 
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where Ag, A ^ are two constant /i x /r matrices, and A <*, is semisimple. The 
characteristic polynomial of Aoo is equal to the spectral polynomial SP/(S) 
of the Brieskorn lattice of / (cf. §2.e), which is also equal to the polynomial 
associated with the “Hodge spectrum of / at infinity”, that is, the spectrum 
(as defined by Steenbrink) of the limit mixed Hodge structure attached (as in 
[19, 64, 59]) to U ra (G°,/ _1 (t),Q) when t —> oo (cf. [52]). 

We denote by the endomorphism of Gq/9Gq having —A^ as matrix in 
the basis induced by e°. 

On the other hand, recall that Gq/9Gq = f l n (U°)/df A VL n ~ 1 (U°) is a free 
rank-one module on the Artin algebra q*Oc°- 

Definition 3.2. — Let u>° be a element of Q n (U°)/df A Q, n ~ 1 (U°). We say 
that 

(1) w" is primitive if it generates (U°) / df (fA°) as a q*Oc° -module; 

(2) co° is homogeneous if it is an eigenvector of R^. 


Assume that a primitive homogeneous element u° exists and consider the 
locally free Ox [#]-module Go: it is equipped with an integrable connection 
V with a pole of type 1 at 9 = 0 and a regular singularity at infinity (and 
no other pole). It is also equipped with a Hermitian form S of weight w. 
The solution of Birkhoff’s problem given by the basis e° extends, according 
to theorems of B. Malgrange [32, 33], to a solution in a neighbourhood of x°. 
This implies (see also [50]) the existence of a flat connection y on the locally 
free Ox-module Go/0Go in some open neighbourhood of x°. The pairing S 
induces a symmetric y-flat nondegenerate pairing jon Go/ 9Gq and lo° extends 
by y-parallel transport to a y-horizontal local section ui of G 0 /9G 0 , called a 
primitive section. 

The infinitesimal period mapping Qx Gq/9Gq defined by K. Saito [56] 
(see also [50]) that u> induces, is an isomorphism near x° and, transporting 
the structures existing on Gq/9Go, gives rise to a Frobenius structure on X, 
compatible with the weak Frobenius structure of §3.a. 

In conclusion, according to the previous results, in order to exhibit a Frobe¬ 
nius structure on X compatible with the natural weak Frobenius structure, it 
is enough to find a V + -solution to Birkhoff’s problem and to construct such a 
primitive homogeneous element u° G V. n (U°)/df A VL n ~ l (U°). 

It follows from Remark 2.11(2) that the germ of this Frobenius structure at 
(X, x°) does not depend on the choice of the sufficiently big ball B defining the 
filtered Gauss-Manin system (G, Go). 
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Notice that there may exist many different Frobenius structures, attached 
to different choices of solutions of the Birkhoff problem or to the choice of a 
primitive homogeneous element u>°. We will be mainly interested to the most 
canonical one. 

3.c. Canonical Frobenius structure. — We wish to fix a natural choice 
of the Frobenius structure. This has to be done at two levels. 

A natural (or canonical) choice of the solution to Birkhoff’s problem, re¬ 
sponsible for a canonical choice of a flat connection and metric on the vector 
bundle Go/OGq. Hodge Theory furnishes such a choice, according to M. Saito 
[58, Lemme 2.8], through a natural filtration opposite to the Hodge filtration 
(the necessary Hodge Theory in the affine case is done in [51, 52]). 

We will say that a primitive homogeneous element is canonical if 

(1) it is an eigenvector of Roo corresponding to the minimal element a m in 
of the spectrum of / ( i.e ., the minimal exponent), 

(2) up to a constant, it is the only such eigenvector, i.e., a m in has multiplicity 
one in the spectrum. 

That a canonical primitive homogeneous element does exist is proved by 
M. Saito in [60, Remark 3.11] in the singularity case. We prove this below 
(c/. §4.d) for convenient nondegenerate Laurent polynomials on (C*) n . As 
we remarked at the end of the introduction, this also holds for convenient 
nondegenerate polynomials on C™ satisfying the supplementary assumption 
that the coefficients of the linear forms defining the Newton boundary are 
nonnegative. In all these cases, the class of a volume form gives such a canonical 
primitive homogeneous element. The following examples illustrate phenomena 
which can occur when this supplementary assumption is not satisfied. 

Examples 3.3 

(1) f(x,y) = x + xy 2 + y on C 2 . There is only one spectral number 
a = a m in = 1, which therefore has multiplicity /i = 2. However, the class 
of volume form dx A dy is homogeneous, and furnishes a (noncanonical) primi¬ 
tive homogeneous element. 

(2) /( x, y) = x + y + x 2 y A on C 2 . The class of the volume form dx/\dy is not 
homogeneous. Its order with respect to the F-filtration is 3/4 G ]a m in, a m m + l[ 
with a m i n = 1/2. However, a m ; n has multiplicity one in the spectrum and the 
corresponding eigenvector (class of ydx A dy) is in fact primitive, hence is a 
canonical primitive homogeneous element. 

Remark 3.4. — Assume that we found a canonical primitive homogeneous el¬ 
ement x>° as above. Given a universal unfolding of / parametrized by (X, x°), 
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we can then construct on the base space ( X , x°) a canonical Frobenius structure. 
When / is the germ of an analytic function, two universal unfoldings are analyt¬ 
ically isomorphic, hence the Gauss-Manin systems, with their Brieskorn lattice 
and sesquilinear pairings, are isomorphic, giving rise to isomorphic Frobenius 
structures. For functions / as in §2.a, we cannot assert that two universal 
unfoldings are isomorphic. Therefore, it lacks here a proof of the independence 
up to isomorphism of the Frobenius structure with respect to the particular 
choice of the unfolding. 

For the example treated in the second part of this paper [17], and more 
generally if all the critical points of / are simple and all the critical values are 
distinct, the Frobenius structure is semi-sinrple, hence completely characterized 
by its initial value at x° (cf. [18, Main Theorem p. 188], see also [39, §11.3], 
[50, Th. 5.1.2]). We therefore get the independence (up to isomorphism) with 
respect to the choice of the unfolding in such a case. 

In general, one can expect that the Gauss-Manin system with its Brieskorn 
lattice is completely determined by the Gauss-Manin systems with Brieskorn 
lattices of the universal unfolding of each critical point plus the Stokes structure 
at x°. Would this happen to be true, we would get the desired independence, 
as in the previous case. 

3.d. Basic recipe. — It is possible to recover some information on the Frobe¬ 
nius structure on X by an algebraic computation on the Gauss-Manin system 
of /. Let us indicate the recipe to get it. 

(a) Compute the Gauss-Manin system G° and its Brieskorn lattice Gg. 

(b) Compute the “good basis” e° of Gg as a C[0]-module. 

(c) Find a primitive homogeneous element uj°, which should be part of the 
basis e°, and denote by a the corresponding eigenvalue of A <*,. Denote to° = eg, 
and let a(k) be the eigenvalue of Aoc corresponding to e%, k = 0,..., n — 1 (so 
that a(0) = a) 

Then we get (cf. for instance [50] or [54, Chap. VII]): 

(1) there exist flat coordinates (to,, t M _i) on X centered at x° such that 

- the basis d° € T x »X corresponds, under the Kodaira-Spencer map 
ip and identification q*Oc° —-> Gg/UGg induced by the multiplication by 
u)°, to the basis e°; 

- the Euler vector field is given by 

M-l 

£ = ^ K 1 + a - ot(k))tk + Ck\d tk , 
k =0 
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where the Ck s are the coefficient of [fui°] £ Gq/6Gq in the basis induced 
by e°; 

(2) the homogeneity constant D of the structure (i.e., such that C<*(g) = Dg, 
where g is the “metric”) is given by 

D = 2a+ 2 —dim Z/ 5 . 


4. The case of Laurent polynomials 

Let / £ C[ui, u// 1 ,..., u n , it” 1 ] := C[w, u _1 ] be a Laurent polynomial in n 
variables. Write f(u) = SfceZ" a k uk and P u f Supp / = {k £ Z" | Ofc ^ 0}. 
Denote by T(/) the convex hull in R” of the set Supp(/) \ {0}. We will assume 
from now on that / is nondegenerate with respect to its Newton polyhedron 
and convenient (cf. [28]). In particular, 0 belongs to the interior of T(/). It is 
known that such an / is M-tame, by applying the same reasoning as in [10]. 

4.a. The Newton filtration. — For any face a of dimension n — 1 of the 
boundary dT(f), denote by L a the linear form with coefficients in Q such 
that L a = 1 on a. For g £ C[u, iD 1 ], put < p„(g ) = max a L a (a), where the 
max is taken on the exponents of monomials appearing in g , and set <j)(g) = 
max CT 4>a(g)- 

Remarks 4.1 

(1) Of course, if L a has integral coefhcients, then <j> a (g) is an integer for any 
g £ C[u,u^ 1 ]. 

(2) For g,h £ C[u, u _1 ], we have 

<t>{gh) < <t>{9) + 4>{h) 

with equality if and only if there exists a face cr such that (f>{g) = <)>o{<j) and 
(j)(h) = <j> a (h). 

(3) As 0 belongs to the interior of F(/), we have <f>{g) ^ 0 for any g £ 
C[u, u _1 ] and <p(g) = 0 if and only if g £ C. This would not remain true 
without this convenient assumption. 

(4) Put — = — A • • • A and let U denote the torus (C*) n with coordi- 
nates u ±,..., u n . If to £ Q n (U), write w = gdu/u and dehne <j)(w) := <j>(g). 

Consider the Newton increasing filtration Af.fl n (U) indexed by Q, dehned 

by 

Af a n n (U) := {gdu/u £ n n (U) \ </>{g) < a}. 

The previous remark shows that Af a tt n (U) = 0 for a < 0 and J\To£l n (U) = 
C ■ du/u. 
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Extend this filtration to tt n (U)[9] by putting 

jv a rt n (u)ie} ■-jv a rt n (u) + eu a ^ n {u) + • • • + o k Ar a - k n n {u) + ■■■ 

and induce this filtration on Go: 

Definition 4.2 (Newton filtration of the Brieskorn lattice) 

The Newton filtration of the Brieskorn lattice is defined by 

M a G 0 := image [M a ^ n (U)[0] fl n (U)[6] -» G 0 ] 

= AT a n n (u)[e\/(od f n n - 1 (u)[e] nM a n n (u)[9]), 

where we have put Odj = 6d — df A. 

Lemma 4.3. — The Newton filtration on Go satisfies the following properties: 

(1) 9J\f a Go C A/" q +iGo, 

(2) U a J\f a Go = Gq, 

(3) M a Go = 0 if a < 0 and dimA/oGo = 1. 

Proof. — (1) is clear, (2) follows from U a Af a tt n (U) = f2"(f/), and (3) follows 
from the similar statement for Q n (U). □ 

Definition 4.4 (The Newton filtration on the Gauss-Manin system) 

For any a € Q, we put 

J\f a G := J\f a G 0 + rNa+iGo + • • • + T k M a +kGo + • • • . 

For instance, we have 

MoG = image [(A^fl"(£/) + rM^ n (G) + • • • + r k M k n n {U) H-) —> G]. 

From the definition, we clearly get rM a G C M a -iG, which implies that M a G 
is a C[r]-module, and the Newton filtration on G is exhaustive. Notice however 
that we do not have M a G = 0 for a < 0. Nevertheless, it follows from the 
regularity of G at r = 0 and from the identification of the Newton filtration 
with the Malgrange-Kashiwara filtration (c/. §2.e) given by Lemma 4.11 below, 
that we have n a A/’ a G| r=0 = 0 and M a G = G out of r = 0, i.e., 

C[r, r _ 1 ] <g> M a G = G. 

CM 

Theorem 4.5. — Assume that f is convenient and nondegenerate with respect 
to its Newton polyhedron. Then the Newton filtration M.Go on the Brieskorn 
lattice coincides with the filtration Gq fl V.G induced on Go by the Malgrange- 
Kashiwara filtration V.G. 
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The case of convenient nondegenerate polynomials on the affine space A re 
has been treated in [52], and we will follow the proof given there. The case of 
germs of analytic functions which are convenient and nondegenerate goes back 
to [27, 57]. However, the proof that we give here is somewhat simpler than 
that of loc. cit ., as it does not make reference to duality. One can easily adapt 
the simpler proof below to the case of loc. cit. The proof of this theorem will 
be given in § 4.c. 


4.b. Division. — Denote by J(f) the ideal (u\df/du\,..., u n df/du n ) of 
C[u, u -1 ]. 

Lemma 4.6. — Let g £ J(f)- Then there exist gi,...,g n G C[it,w -1 ] such 
that g = JT giUid f / <9iq with, for any i = 1,..., n, 

(1) <t>{g%) < <t>{9) - 1 > 

(2) <(>{g^idf/dm ) < <j>(g), 

(3) <f>(d(uigi) / dui) < <j>(g) - 1, and 

(4) (fimgi) < </>(g) - 1 + <j)(ui). 


Proof. — Consider with Kouchnirenko (c/. [28, Th.4.1]) the surjective map 
dr :C[u.u" 1 ]" —J(/) 

(gi, ■ ■ ■,g n ) '—» y ^gjUjdf/duj. 

i 

Put A/^Cfu, it -1 ]") = (J\f a C[u,u~ 1 ]) n . As 4>(g,Uidf /dm) < <p(gi) + 1 
(cf. Remark 4.1(2)), we have <9iA/" a -i(C[it, u -1 ]") C A/’aCfu,it -1 ] H J(f). 
According to loc. cit., this inclusion is an equality, i.e., d\ is strict for A [.. This 
gives 4.6(1) and (2). Now, 4.6(3) follows from 4.6(1), as <j)(uidgi/duf) < <j>{gi), 
and 4.6(4) follows from 4.6(2), as gf) < 0(iq) + </>(g,). □ 

Put E a = gr y ( n n (U)/df A n" -1 (t/)). 


Proposition 4.7. Assume that u > i,...,w M £ Q n (U) are such that their 
principal parts project onto a basis of(B a E a - Then, any element to £ J\f a Ll n (U) 
may be written as 

to = £ aitOi + df A ij 

i 

with at £ C such that a* = 0 if (fioof) > a, and with <f>(df /\rf) ^ a, (j>{drj) ^ a—1. 


Proof. — There exist a unique family (a*)*—of complex numbers such that 
to — := gdu/u belongs to Af a fl n (U) H (df A fi” -1 (t/)); then g belongs 

to J(f) and satisfies <j>(g) < a. This family (af) clearly satisfies cij = 0 if 
<t>(u>i) > a. Write g = 'Yf li giUidf /dui as in Lemma 4.6, so that <J)(‘Uid gi / duf) A 
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a — 1. Put then 77 = where £* is a suitable sign ±1, so that 

lo — X* aiUi = df /\r). Remark now that dij = (X* SiUidgi/dui) □ 

Remark 4.8. — It follows from this proposition that Go is C[#]-free (a prop¬ 
erty that we know to hold in a more general situation, cf. Proposition 2.13) 
and, more precisely, that the classes in Go of wi,..., form a C[0]-basis of 
Go adapted to the Newton filtration. Indeed, this proposition implies that any 
[w] € J\f a G 0 may be written as a finite sum 

[a] /i, a—4>{oJi) 

(4.9) M = E E E^M=E( E 

k —0 i\(p(uJi)^.C£—k i—l k—0 

Therefore, we have found g, generators of Go over C[0], giving rise to a surjective 
morphism w : C[0] M —> Go- This family also generates G as a C[0, 0 _1 ]-module 
and, as G is C[0,0 _1 ]-free of rank g, this family is a C[0,0 _1 ]-basis of G. The 
kernel of w is thus a torsion submodule, hence is 0. In particular, the previous 
decomposition (4.9) is unique. 

Notice also that each J\f a Gg is a finite dimensional vector space. 

Last, observe that if [w] € Go is written as X* a » ($) [ w i] > then the order of 
[w] with respect to the Newton filtration Af.Gg is given by the formula 

ordjv[w] = max(degaj + <f>(wi)). 

i 

We immediately deduce from this remark: 

Corollary 4.10. - We have J\f a G 0 n 0G o = 0Af a -iG O - □ 

4.c. Proof of Theorem 4.5 

Lemma 4.11. — The filtration Af.G is equal to the Malgrange-Kashiwara fil¬ 
tration V.G. 

Proof. — By uniqueness of the Malgrange-Kashiwara filtration, it is enough to 
prove the following properties for the Newton filtration on G: for any a £ Q, 

(1) Af a G has finite type over C[r], 

(2) rAf a G C Af a -i G, with equality if a < 1, and d T Af a G C Af a +i G, 

(3) on gr^ G, rd T + a is nilpotent. 

[Notice that the “goodness” property N a +iG = d T J\f a G + Af <a +iG for a > 0 
follows from (2) and (3).] 

(1) As each J\fpG 0 is a finite dimensional vector space, it is enough to show 
that, for a given a, there exists kg such that, for any k ^ kg, we have 

T A/a+fcGo Cl C[ T ](A/" a Go + • • • + T k °J\T a +k 0 Gg). 
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Choose fco such that N a +k 0 Go + 9 Gq = Go and let k > fc 0 . We have, according 
to Corollary 4.10, 

Afa+kGo = Afa+k^ Gq 4“ [9 Go Cl Afa+k Go) = Afa-\-kQ Go T 9J\fa-\-k~lGo 


— Na+k 0 Go + • • • + 9 k k °M a+ko G 0 , 

which gives the desired inclusion. 

(2) We have yet seen that rAf a G C Af a -iG, and the inclusion d T Af a G C 
JVa+iG follows from </>(/) = 1, by definition of the action of d T . In particular 
we get Td T J\f a G C Af a G. As Af a Go = 0 for a < 0, we get Af a G = rAf a +iG for 
a < 0 . 

(3) Let a be a face of dimension n — 1 of <9T(/). Denote by the vector 
field Luiudu). Let g G C[w, u -1 ]. Then we have in G the relation [f a (g)du/u\ = 
T[£ a (f)gdu/u}, and therefore 

(4.12) (rd T + <p,j{g))[gdulu\ 

= - &(f))gdu/u] + [(&(g) - Mg)g)du/u\y 

(In the local case, a formula of this kind can be found in [ 8 ].) Now, for any g , 
the support of £ a (g) — <p a (g)g is contained in that of g (it is obtained from 
that of g by taking out the points corresponding to monomials u a such that 
<f> a (u°) = <ficr(g), because, if g is a monomial, we have £ CT (<?) — 4 > <r(g)g = 0 ). 
Hence, for any face a ', we have </v(£r (g) — 4>a{g)g) ^ and, similarly, 

<t>*>{{f - (a(f))g) + 1 (it follows that 4>{^ a {g) - 0cr(g)g) < 4>{g ) and 

(/>((/ — £<j(f))g) < <f(g) + 1 ); moreover, these inequalities are strict if a 1 = a. 
Denote by N(g) the number of faces a of dT(f) such that <^> cr ( g ) = <f>{g). 
Applying the previous relation to any such face successively and to any initial 
monomial of g (i.e., a monomial u such that (f>(u a ) = 4>{g)), we eventually get 

(rd T + <f>(g)) N{9) [gdu/u ] € A U<t>{g) G - □ 

End of the proof of Theorem 4.5. - According to Lemma 4.11, we are reduced 
to proving that J\f a Go = Af a G H Go for any a € Q. Let [w] = v a + rv a+ 1 + 

• • • + T r v a + r be in A f a G fl Go, with each v a +j in Af a +jGo. Multiplying by 9 r , 
we find that v a + r G J\f a+r Go C 9Gq = 9Af a + r -iGo , after Corollary 4.10. By 
decreasing induction on r, we find that u> belongs to J\f a Go- Cl 

COROLLARY 4.13 (The spectrum). — The spectrum (or the spectral polyno¬ 
mial) of the Newton filtration on Go is equal to the spectrum (or the spectral 
polynomial) of the Malgrange-Kashiwara filtration (which is also the spectrum 
at infinity in the sense of Steenbrink of the Laurent polynomial f). □ 
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From [52], we conclude: 

Corollary 4.14. — The spectrum of the Newton filtration is contained in 
[0,n] and is symmetric with respect to n/2. □ 


Remark 4.15. — For a cohomologically tame or M-tame function on a smooth 
affine complex manifold, it can be conjectured, after C. Hertling (for analytic 
germs) and A. Dimca (for tame polynomials) that the spectrum of (G, Go), 
written as aj • • • st a^, satisfies the following inequality: 


1 M 
-V 






cy - ai 

12 


(if it is true, this inequality is the best possible). See also [7] for the case of two- 
variable polynomials. Notice that, for convenient and nondegenerate Laurent 
polynomials, one has au = 0 and = n, so that the inequality is written as 


T 


n 

E 

i= 1 




> 


n 

12 ' 


Recall that, for a£l, one denotes by [a] the smallest integer larger than 
or equal to a. We also obtain: 


Corollary 4.16 (A C[r]-basis of VoG). — Let € f l n (U) he as in 

Proposition 4.7. For each i = 1,... p, put hi = Then the classes of 

r ki u>i in G form a C [r\-basis of VoG. 

Proof. — We know that the classes of uq,...,o; M , hence of r fcl wi,..., 
form a C[r, r _1 ]-basis of G = C[r, r _1 ] ®c[t] VoG. By Nakayama, it is therefore 
enough to prove that the classes of T ki uii in gr^G form a C-basis. This is even 
true in the graded space 

© © grfgr^G= © © g r a (Gfc/Gfe_i) 

k a€]-l,0] ad] —1,0] k 

= © ©gr^ {Gk/Gk-i) (after Th.4.5) 

ae]-l,0] k 

— ©gr^(G 0 /G_ 1 ). □ 

a 

Example 4.17 (The case of two variables). — We assume that n — 2. It is 
then easy to compute the spectrum, according to the symmetry property. 

First, remark that a £ Q fl [0,1[ belongs to the spectrum if and only if there 
exists a monomial g £ C[u,it -1 ] with < p(g ) = a: indeed, assume that 

, df df 

g = h + aiui- -1- a 2 u 2 ^—, 

OU\ <JU2 
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with (j>(h) < a and 4>{a\U\df /du\) < a (i = 1,2). According to Lemma 4.6, 
one may assume that <j>(a,i) < <f>(g) — 1, hence <f>{a,i) < 0 as <j>(g) < 1. Therefore, 
a* = 0 and g = h, a contradiction. 

Now, we have determined the part of the spectrum contained in Q n [0,1[: 
it is enough to compute 4> of every monomial corresponding to a point in the 
interior of the polyhedron T(/). By symmetry, we get the part in Qn ] 1,2]. 
The total multiplicity being equal to /i, we also get the multiplicity of 1 in the 
spectrum. Notice that this is the analogue of Arnold’s “butterfly”. 

4.d. The Frobenius structure. — By Lemma 4.3(3), the smallest index 
of the Newton filtration is 0, and it has multiplicity one, an eigenvector being 
the class of du/u. By Theorem 4.5, this also holds for the V-filtration, and 
therefore u>° := du/u is the canonical homogeneous primitive element in Go, as 
defined in § 3.c. 

Saito’s method (c/. §3 and Appendix B) gives the existence of a canoni¬ 
cal Frobenius structure on any germ of universal unfolding of the convenient 
nondegenerate Laurent polynomial f. The homogeneity constant is D = 2 — n. 


Appendix A 

In this appendix we give the missing proofs of the results in Section 1. These 
are due to B. Abdel-Gadir and B. Malgrange and are adapted from [1] and [2]. 
We give them for the convenience of the reader, as these references are not 
published and hardly accessible (however, see also [38]). We keep notation of 
Section 1. 

A.a. Algebraization of X>-modules. — Let us begin with a preliminary 
remark. Let Z be a complex manifold and let £ be a divisor in Z. The 
sheaf Oz(*Z,) of meromorphic functions on Z with poles on £ at most is a 
coherent sheaf of rings. The order of the pole defines a filtration by Oz- 
coherent submodules. Coherent 0.z(*£)-modules have locally good filtrations. 
As a consequence, Cartan-Oka Theorem applies to sufficiently small compact 
polycylinders and a 0z(*£)-module T is coherent iff, for any sufficiently small 
compact polycylinder K in Z , T{K) has finite type over Y{K,Oz{*^)) and, 
for any x G K, Oz,x ®Oz(.K) ^{K) —> T x is an isomorphism. 

Let now P be a projective space of arbitrary dimension (in the next subsec¬ 
tion, we specialize to P = P 1 ). We fix a hyperplane at infinity and still 
denote by oo the divisor H^ x X C P x X. We also fix coordinates t on the 
affine space A = P \ H aQ . We still denote by p the projection PxI->I. 
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We review here the relationship between coherent X>x[i](3t}-modules (on 
X) and good 2?p x x(*oo)-modules (on P x X). Recall that the sheaves Ox[t ], 
Ox[t\(dt) and Vx[t\{d t ) are coherent. Similarly, the sheaves 0p x .y(*oo) and 
' Vp x x{*oo ) are coherent. (See [31, 21, 26].) 

Consider the following categories: 

- Modcoh(£>A:[i](<9t)) is the category of coherent left 2?x[i](^)-modules. Let 
M be a X>x[t](3t)-module. It is coherent if and only if for any sufficiently small 
compact poly cylinder K C X , 

- T(K,M) is finitely generated as a T(A', 2?x)[i](^)-module, 
for any x € K, the natural morphism Ox, x ®o(K) r (K, M ) —> M x is 
an isomorphism. 

- Modcoh (£Vxx(*oo)) is the category of coherent left XVxx(*oo)-modules 
and Modp-good (^Pxx(*oo)) is the full subcategory of objects M such that, lo¬ 
cally on X, there exists a coherent 0p x x-module T and a surjective morphism 

V PxX (*oo) ® T — >M —* 0. 

Opxx 

Given a p-good TVxx(*oo)-module M, there exists, locally on X , a coherent 
XVxX-module N which admits a good filtration such that A4 is isomorphic to 

V PxX (*Oo) ®T> rxX N. 

We have Ph.(^pxx(*oo)) = T>x[t](dt), making Vp x x(*oo) a (left and right) 
p _1 2?Y[t](<9t)-module. If M is a £>x[t](dt)-module, we put 

p* M = Vp x x{*oo) ® p~ x M. 

p-'DxliKft) 

We also denote by M an the restriction of p*M to the open set A lan x X. 

Theorem A.l ([1]). — The direct image p* (partial algebraization) induces 
an equivalence of categories Modp_ goo <j (Vp x ,y(*oo)) Mod C oh (Vx[t\(d t )). 

A quasi-inverse functor is given by p* (partial analytization). 

Sketch of proof. - One shows that p* takes values in Mod co h and that the two 
natural transformations Id —> p*p* and p*p* —> Id are isomorphisms. These 
assertions are local on X, so that we may assume that the p-good objects are 
generated by a Op X Y:-coherent submodule. 

(1) One first defines analogous categories Mod p _ g ood (Orxx(*oo)) and 
Mod co h (Ox [£]), and proves the analogous statement for these categories. The 
p-good objects we consider take, locally on X, the form JF(*oo) where T is 
OpxY-coherent. The theorem is a consequence of Grauert-Remmert Theorems 
A and B which say the following: 
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A.2. — Let T be a coherent Op x x~module. Then R k p*iF are Ox-coherent for 
any k and for any relatively compact open subset W of X, there exists qo € N 
such that, for any q ^ qo and restricting to P x W, 

- the natural morphism p*p*J-(q) —» J-(q) is onto, 

R k p*X(q) = 0 for k'^l. 

[As usual, we denote by Op x x{q) the inverse image of Op(q), which is the 
rank one bundle on P with first Chern number equal to q, and we put J-(q) = 

0 PxX (,q) <S>o Px x F] 

Notice that, by taking inductive limits, we have, as p is proper, R k p*!F(* oo) = 
0 for k 1 and any such T. 

Fix a compact polycylinder K in X and take qo as in A.2 associated to 
T and some neighbourhood of K. As p*lF(qo) is generated on K by its sec¬ 
tions (Cartan Theorem A), we get a surjective morphism, composition of two 
surjective morphisms: 

VxJf^PxX * *P xkP P*HQo) * ip X K^ 7 (lo), 

the kernel Q of which is coherent in some neighbourhood of P x K. We therefore 
have an exact sequence on such a neighbourhood: 

0 —► Q(* oo) —> Op x x(*oo) £ —> ,F(*oo) —» 0. 

For q big enough, we also have an exact sequence in some neighbourhood of K: 

0 —> p*G(q) —+ P*Op xX (q ~ qoY —> P*X{q) —» 0 

and by taking direct limits, we get an exact sequence 

0 —> p*G(* oo) —> Ox[t] e —> p*X(* oo) — * 0. 

Arguing similarly for Q , we find that, in some neighbourhood of K, oo) has 
a free presentation 

Op x x(*oo) £l —» Op x x(*oo) e ° —> X(*oo) —> 0 

so that p* of it is a presentation of p#lF(*oo) by free (9x[i]-modules. We 
conclude that p*.P"(*oo) is Ox[t] -coherent and that the natural morphism 
p*p*T{* 00 ) —> T(*oo) is an isomorphism, as this is true for T = Op x x- 
That the natural morphism N —> p*p*N is an isomorphism for a coher¬ 
ent Ox [t]-module follows from the projection formula and the fact that 
R k p*Op x x(*oo) = 0 for k > 1. 

(2) The proof for P-modules is very similar. Having fixed an object M 
of Mod p _g 00 d(T ) pxA:(*oo)), we work locally on X so that we may assume that 
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Ad = N{*oo) where A f is TVxX-coherent and has a 0p x x-coherent submod¬ 
ule T with a surjective morphism Vp x x ®o fxX ^ -A/"- We therefore have 

a surjective morphism Dp xX ®e> PxX Op xX (—qoY — > A/” — > 0, the kernel A f 
of which is a coherent XV x x-module having a good filtration, by Artin-Rees 
lemma, hence having a Op X x-coherent submodule Q with a surjective mor¬ 
phism Vp x x ®o ¥xX G A/ 7 . One may end the argument as above. □ 

Remark A. 3. — Consider the categories for which objects are pairs made 
of a p-good T>p y x (*oo)-module and a p-good 0p x x(*oo)-submodule ( resp. a 
coherent T>x [t] (<9t (-module with a coherent Ox [f]-subrriodule). The morphisms 
are morphisms of D-modules which send the O-submodule of the source into 
the 0-submodule of the target. It follows from the proof that (p*,p*) also give 
an equivalence between these categories. 

A similar argument applies to the category of p-good Pp x x/x(* 0 °)“ m0 d u l es 
and coherent 0x[i](c>t (-modules, or the same category with a p-good 0(*£)- 
submodule. 

Behaviour with respect to direct images, inverse images or duality. — Let / : 
X —> Y be a holomorphic mapping and put / = (Idp x/) : P x A —>Pxf. 
There are direct image functors with proper support /f from D + (V x [t](dt)) 
to D + (Vy[t](d t )), and from D + (Vp x x(*oo)) to D + (T>p x y(*oo)). Then, 
standard arguments show that they correspond each other through p*,p*. A 
similar result holds for inverse images of 'D-modules. 

Let Ad be in Mod co h (£Vxx(*oo)) (resp. in Mod p _ g0 od (0pxx(*oo))), that 
we write locally on P x X (resp. locally on X) as Ad = Af(*oo), where N 
is an object of Mod co h (B>v xX ) (resp. Mod p _ good (Vp xX )). As 0p x x(*oo) is 
0 pxx-Aat, we have locally 

£xt T> rxX {*oo) {M,V PxX (*co)) = £xtv rxX (A/',T> Px .y) ® 0p x x(*oo) 

C’pxx 

= £xtv rxX (Af,Vp x x) ® V Px x(*oo), 

'Dpxx 

therefore £xt \ )Pxx( * oo) (M,V v X x (*oo)) vanishes for k < dim(P x X) and oth¬ 
erwise belongs (after a right —> left transformation) to Mod co h (0 Px.y(*oo)) 
(resp. Modp. goo d(0pxx( !t! oo))). Moreover, if Ad is p-good, by considering a 
resolution of p*Ad by flat Px[i](c*t)-modules, we have isomorphisms: 

p*£xt% >rxxi * oo) (M,V PxX (*oo)) £ X tv x [t](d t ) (p*M,V x [t](d t )). 
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A.b. Holonomic modules. — Say that M ( resp. M) is holonomic if, for 
any k ^ dim(P x X), one has 

£xt T> exX (*oo) (M,V pxa(*oo)) = 0 {resp. £xt^, x[t]{dt) {M,V x [t](d t }) = 0). 

Remark A.4. — If AT is a holonomic ©p X A'-module, it has a good filtration 
(c/. [36]), hence is p-good. Then M := N{*oo) is p-good and holonomic as 
a ©p X A(*oo)-module. Moreover, by [25], M itself is Vp x x -holonomic (hence 
coherent as a ©PxA-module and p-good as a T>p x x or ©pxA(*oo)-module). 

Notice also that, if P = P 1 , it is easy to show, without using [36], that J\f 
is p-good: locally on X , one gets a good filtration of A f by gluing local good 
filtrations. 

Applying [25], one also gets: 

Proposition A.5. — Let M be an object o/Mod co h (©p x a(* oo)). The fol¬ 
lowing conditions are equivalent: 

(1) M. is holonomic; 

(2) considered as a ©p X A -module, A4 is holonomic (hence coherent and p- 
good); 

(3) M is p-good and M = p*M is a holonomic Vx[t](d t )-module; 

(4) At |A an x a I s a holonomic U& *n xX -module. 

Moreover, when these conditions are satisfied, one has 

£xt v fxX (*oo) (M,Vp xX (*oo)) =£xti rxX (M,V PxX ){*oo) 

with d = dim(P x X), i.e., the dual of M as a Up xX (*oo)-module is the local¬ 
ization at infinity of the dual of M as a Vp xX -module. □ 

Remark A.6. — As an immediate corollary of this proposition, one obtains 
that local analytic properties of holonomic ©-modules hold for holonomic 
©A'[t](3t)-modules. In particular, if M is a holonomic ©x[t](dt)-module, 
if Y is a analytic hypersurface of X , then M(*Y) is holonomic, 

- there exist Bernstein functional equations with respect to any holomorphic 
function on X, 

for any x € X, the germ M x has a finite Jordan-Holder filtration. 

Definition A.7. — Let M be a holonomic ©x[t](St)-module. 

(1) Let E be a closed analytic hypersurface in Px X and put E = Efl(Ax X). 
We say that the singular locus of M is contained in E if p*M is Ch,*" xx-locally 
free of finite rank near any point of (AxX)\E. We denote by Hol^{T>x [f] (d t )) 
the category of holonomic V x [t] (c) t )-niodules with singular locus contained 
in E. 
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(2) We say that M is regular included at infinity if the holonomic XVxX- 
rnodule p* M is regular. 

Given a holonomic T>x[i\{d t )-mo<.\\i\e M, there exists, locally on X, a closed 
hypersurface E containing the singular locus of M : indeed, locally on X, there 
exists a finite number of closed analytic subsets Z t of P x X such that p*M is 
0-locally free of finite rank near any point of (P x X) \ U i.Zi (take the family 
Zi so that the characteristic variety of p*M as a Vp x ^-module is equal to 
Tp xX (P x X) U |J - T|.(P x X)); now, each Z it being locally (on X) defined by 
homogeneous polynomials with X-liolomorphic coefficients, is contained in a 
hypersurface E as soon as it is not equal to P x X. 

A.b.l. Proof of Proposition 1.1. — First, remark that the restriction functor, 
from the category 'Hol-^ifD A ia.n xX ) to the category 'Hols(P > Dxx) is an equiva¬ 
lence: indeed, on D x X \ E, M is a locally free 0-module of finite rank with a 
flat connection, hence determined by a linear representation of tti(D x X \ E), 
and 7Ti(A lan xI\E)-^!ri(flxI\S) is an isomorphism. This functor also 
induces an equivalence between the regular holonomic objects. In what follows, 
we implicitly replace D with A lan . 

We first work on a relatively compact open set U of X. Then there exists 
a disc D' C P 1 centered at oo such that D’ x U H E = 0. On D'* x U, M is 
a holomorphic bundle with a flat connection. Recall that the restriction from 
D’ x U to D'* x U induces an equivalence from the category of meromorphic 
bundles with a flat connection on D' x U with poles along {O'} x U to that 
of bundles with a flat connection on D'* x U: an inverse functor is given by 
Dcligne’s canonical extension (c/. [12], see also [34]); any morphism of bundles 
with flat connection extends in a unique way to a morphism of the corre¬ 
sponding Deligne’s extensions, as horizontal sections of a flat bundle extend as 
meromorphic sections of the Deligne extension. Using Deligne’s extension, one 
may extend Ma^xU to some Mpi x jj. Now we may glue various extensions 
existing on various relatively compact sets, according to the unique lifting of 
morphisms. 

The compatibility with duality or with base change is a direct consequence 
of the unique lifting of morphisms. □ 

A.b.2. Proof of Corollary 1.4. — Keep notation of § A.b.l. Consider the free 
0fxX-submodule Mo of M. For x° € X, fix a free 0_D'xcc o -submodule Mg C 
M° D , in such a way that the restriction Mg and M' 0 ° glue together as a trivial 
bundle on P 1 (it is possible to choose such a M'g according to the classification 
of bundles on P 1 ). By construction, in some neighbourhood U of x°, Md’xU is 
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the inverse image by the projection D' xU —> D' of A4? D ,. Denote by A4' 0 the 
inverse image of A4q by this projection. This is a locally free Oixx [/-submodule 
of Md'xU- 

Restrict the situation to P 1 x U. Now, _M 0 and M' 0 glue together as a vector 
bundle Afo on P 1 x U, the restriction of which to P 1 x {x°} is trivial. Therefore, 
by rigidity of trivial bundles on P 1 , Af 0 is a free 0pi x y-module, if V is some 
(maybe) smaller neighbourhood of x°. We have Mo = C , p 1 xv(*°°)®o ip i xV -^o, 
resp. M = 0 P i x y(*EUoo)®e> plxV A/"o, which is therefore free as a 0pi x y(*oo) 
( resp. 0pi x y(*£ U oo)) module, and p*A4o = M 0 (resp. p*M = M) is a free 
Oy[t] (resp. £V[i](*£))-module. □ 

A.b.3. Behaviour with respect to moderate nearby/vanishing cycles. — Let 
Y C X be a smooth hypersurface. Consider the V-filtration (increasing, in¬ 
dexed by Z) of T>x[t](d t ) relative to Y (a section P € T(U,T>x[t]{dt)) is a 
section of VkDx\t](d t ) on U iff for any j ^ 0, P ■ T(U,Xf) C T(U,l(r k ), where 
Xy denotes the ideal sheaf of Y in X ). There is a natural notion of a good V- 
filtration on a coherent T>x [f] (c) t )-module. This notion also exists for coherent 
X>p x x or XV x x(*oo)-modules. 

Any holonomic X>p x x-nrodule has a canonical good filtration (increasing, 
indexed by Z), called Malgrange-Kashiwara filtration with respect to Y (see, 
e.g., [43] for more details on the V-filtration): it is the unique good V-filtration 
(a priori only locally defined, but globally defined by uniqueness) such that, 
on each graded piece gr)f, the operator xd x + k has a minimal polynomial with 
roots in ] — 1,0], if a: is a local equation of Y. We then say that any holonomic 
2?p x x-module is specializable along Y. We define two functors ifiy = grj 
and <j)y = gr|’ from holonomic X>p x x-modules to holonomic X>p x y-modules 
(Bernstein-Kashiwara, see, e.g., [43, Cor.4.6.3]). The functor i/’v is called the 
(moderate) nearby cycles functor and 4>y is called the (moderate) vanishing 
cycles functor. 

If the roots of the minimal polynomial of xd x + k on gr)( are real or rational, 
it is natural to extend the definition of the C-filtration so that it is indexed by 
R or Q with a (locally) finite set of jumps modulo Z. For a £ R, each V a A4 is 
Vo (X) x xip 1 (-coherent and xd x + a is nilpotent on gr^M := V a M/V <a M. 

One may similarly define the notion of specializable Vp x x(*oo) or T>x[t](dt)- 
rnodule, and similarly define the nearby or vanishing cycles functors. Using 
Proposition A.5 and the previous results on holonomic Ppxx-modules, as well 
as the uniqueness of the Malgrange-Kashiwara filtration, one gets: 
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Corollary A. 8. — Holonomic Vp x x(*oo) or Vx[t\(dt) -modules are special- 
izable along Y. The Malgrange-Kashiwara filtrations and the nearby/vanishing 
cycles functors correspond each other under p * and p*. □ 

A.c. Partial Fourier transform. — We now fix P = P, we denote by t the 
coordinate on A 1 and by r the Fourier coordinate on the affine line A 1 . Propo¬ 
sition 1.8 clearly follows from the characterization of holonomic T>x[t](dt)- 
modules via the vanishing of £xt k for k / dim A + 1, as this condition is 
invariant by Fourier transform. 

Let M be T>x [f] (ri t )-holonomic. Notice that M is supported in {0} x A if 
and only if M = p + N for some holonomic Z?.Y-module N (this follows from 
Kashiwara’s equivalence applied to holonomic Vx[T\(d T (-modules supported 
on r = 0, after partial Fourier transform), and then M is the direct image of 
N by the inclusion {0} x I m A 1 x I. In such a case, (Af) an is regular iff M 
is so. 

A.c.l. Proof of Theorem 1.11. — Let us begin with the regularity statement. 
The assertion is local with respect to A, so we will work in some neighbourhood 
of a point x° £ A. We will argue by induction on the dimension of A, the case 
dim A = 0 being treated for instance in [35]. 

By induction on the dimension, we may reduce to the case where M x o has 
no T>x [i] (c4)-submodule supported in a strict analytic germ (Z,x°) C (X,x°) 
(if M is supported on such a set, we may assume that this set is smooth by 
considering a finite map / : (Z,x°) —> (C fc ,0) and by replacing M with f+M). 

Denote by £; (i € I) the irreducible components of £ and by mi the multi¬ 
plicity of the conormal space T^ i (A lan x A) in the characteristic variety of Af an . 
Then it is known (see, e.g., [35, Prop. 1.5]) that M is a holonomic T>x[r\{d T )- 
rnodule having generic rank (as a 0-module) equal to r(M) = ]>A m, degp|xv. 

There exists an analytic hypersurface Y C A such that, for any x / Y, 
the fibre p _1 (x) is noncharacteristic with respect to p*M , and similarly there 
exists Y C A corresponding to M. If x / Y, if M has only one cohomology 
module, hence so has i+M an , where i x corresponds to the inclusion {x} A. 
If moreover x / Y, then the singular locus of i+M an is the intersection of the 
singular locus of M an with A lan x {x}. As i/M is regular at infinity, the singular 
locus of i+M an is reduced to {(0, x)}, hence the singular locus of M is 

reduced to {0} x(A\fUf). The singular locus of M an is thus contained 
in [A lan x(YU y)] U [{0} x A], In order to prove the regularity of M an , it is 
enough to prove the regularity of the meromorphic bundle Mff. of rank r with 
connection obtained by localizing Af an along its singular locus. Indeed, AL an 
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has no submodule supported in A lan x(yu7), and any submodule supported 
in {0} x X is regular, as we noticed above. 

We assume first that dim A = 1. Denote by a: a local coordinate on A cen¬ 
tered at x°. Denote by V.M an the Malgrange-Kashiwara filtration of M an with 
respect to the hypersurface x = 0. Denote simply by if and </> the correspond¬ 
ing nearby and vanishing cycles functors. By uniqueness of such a filtration, 
we have V.(M an ) = (V.M) an , where the right-hand filtration is taken in the 
category of T>x [r] (c> r )-modules. 

Lemma A. 9. — The module M an is regular in a neighbourhood of A lan x {a; 0 } 
if and only if if M an (which is holonomic on A lan x {x = 0}j is genetically 
O-locally free of rank r. 

Sketch of proof. — The “nearby cycles” module i/)M an only depends on the 
formal module 0 A ia„ [cc] ®o k i a „ xX M an , where we denote (somewhat inaccu¬ 
rately) 0 A i an M = O k^xx/(x n ). Generically along A lan x {a: 0 } one may 
decompose this formal module as the direct sum of a regular one and of a 
purely irregular one. Then xf of the purely irregular one vanishes identically. 
Therefore, the equality of ranks (as in the lemma) is equivalent to the van¬ 
ishing of the purely irregular component, or equivalently to the fact that the 
formal module is regular. This, in turn, is equivalent to the regularity of M an 
itself. □ 

Remark then that 

xf{M an ) = (</>M) an = (xpM) an . 

Now, the finiteness of p on S insures that M has no “vanishing cycles at t = oo” 
with respect to the function x, hence r(M) = r(xpM) (the characteristic cycle 
of xpM an is easily computed from that of M an , as M an is regular). 

Let us now consider the case dim A ^ 1. It is a matter of verifying that the 
restriction of the meromorphic connection M aa c considered above to any disc 
of a holomorphic family of discs transverse to the generic part of the singular 
locus is regular. For the component {0} x X , this follows from the regularity 
at the origin of *+M an for any x qL Y U Y, as z+M is regular at infinity (see, 
e.g., [35]). Fix a germ of disc A C X transverse to (Y U7) at a generic smooth 
point. Then A lan x A is noncharacteristic with respect to M an . We apply the 
first part of the proof to the restriction of M to A 1 x A. 

Now to the second part of the theorem (the noncharacteristic case). We 
reduce to the case where dim A = 1 as above. Then, knowing that M an is 
regular, to show that A lan x {a; 0 } is not contained in the singular locus of 
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M an amounts to showing that the “vanishing cycles module” </>M an vanishes 
identically out of r = 0. Going back to M, this is equivalent to showing that 
is isomorphic to C[f] d for some d. By the noncharacteristic assumption, 
we even have cj>(M) = 0, hence the result. □ 

Remark A. 10. — In [2], the proof of Theorem 1.11 is given in the noncharac¬ 
teristic case only. The proof proceeds differently: the partial Fourier transform 
is realized by taking the direct image of C[r] (g)c M (g> e tT with respect to the 
projection (f, r) i—> r. The second point of the theorem is obtained by applying 
Kashiwara’s estimate for the characteristic variety. 

A.d. A remark on duality of meromorphic connections. — Let Z be 

a complex manifold and let E be a divisor in Z. A meromorphic connec¬ 
tion At on Z with poles on E will mean a coherent 0z(*E)-module equipped 
with a flat connection. By [37], we know that such a sheaf is locally stably 
free on Z. On the other hand, viewed as a T>z~ module, we know from [25] 
that At is ©z-holonomic. Denote by At* the dual meromorphic connection 
Oz(*^)) with its natural connection, and by BAt the dual left 
holonomic ©z-nrodule (may be not localized along Z). Then, after [25], the 
localized module (BAt)(*E) is still ©z-holonomic, and is a meromorphic con¬ 
nection. In the following, we put O = Oz{* E), O = ©z(*E), = fi]|(*E) 

and © = ©z(*E). Notice that (BAt)(*E) is the dual of At in the category of 
left ©-modules, that we denote Bp At. 

Lemma A. 11. — There is a canonical and functorial isomorphism of mero¬ 
morphic connections Bp At ~ At*. 

Notice that the lemma also gives another proof of the vanishing of 
fzfc^At,©) for j ^ dimZ. 

Proof. — Put n — dirnZ. The Spencer complex Sp’(2?) is a left P-resolution 
of O by ©-locally free modules and the de Rlram complex O ra+ ’(©) is a right Ir¬ 
resolution of u> := fl"(*E). Consider the complex /C* := f l'(T>) <8>o At, where 
each term is equipped with its natural structure of right ©-module. It is a 
complex of right ©-modules. As At is locally 0-stably free, this complex is (up 
to a shift by n) a right ©-resolution of w At = M r by locally stably free 
©-modules. Hence, the complex C’ = TLomj){K ~’,©) can be used to compute 
Bx>: we have Bp = H°C'. 

Notice that the right ©-module (H fc ©) <g )o M is isomorphic to 
(Q k £g>e> At) <S>e> 2?, where now the right structure is the trivial one. 
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Recall now that, if T is any coherent 0-module, then the natural morphism 

T> F* —* Homo (F, V) = Homv{X ®o D, V) 

of left D-modules is an isomorphism (there may be an ambiguity in the middle 
term: let us specify that the 0-module structure of V is the right one). 

Therefore, we have C k ~ V®o (A _fc O(g >0 M*). Use now the left V structure 
on M* to identify C k to M* <8>o Sp fc (X>) as left D-modules. Computing the 
differentials gives C ~ M* <Z>o Sp’(Z>). As M* is locally 0-stably free, this is 
a resolution of M* as a left D-module. □ 

There is a filtered variant of this lemma. We now assume that Z = D' x X , 
where D' is a disc with coordinate 9 and S = {9 = 0}. 

On V, consider the increasing filtration FJD such that Oz has degree 0, 
each vector field on X and the logarithmic vector field 9dg have degree one, 
and 9~ x has degree one. Hence the vector field t := 9 2 dg has degree zero and 
F 0 V = Oz(t). Consider the sheaf of graded rings RpT> = ® k F k V ■ z k on Z, 
where z is a new (commuting) variable. We consider the category of graded 
RfV- modules, the morphisms being graded. The sheaf RfV is coherent, and 
P-modules with good filtrations correspond to coherent graded RfT>- modules 
without ^-torsion. The shift of filtrations corresponds to the multiplication by 
the corresponding power of 0 . 

A 0-graded 7dom-acyclic resolution of a RfT>- module is a resolution by Hom- 
acyclic graded RfT >-\modules for which the differentials have degree 0. Any 
coherent i?^X>-module has locally such resolutions, which are used to define 
the dual i?p£>-complex, that we denote by RHom 0 RFT) (>, RpR), where the 
exponent 0 indicates that the differentials have degree 0. 

Denote by O' the sheaf of linear combinations over RpO = Oz\z9~ x \ of fields 
0 £ (£ a vector field on X) and t. This is a locally free i?p0-iiiodule. Denote 
also by D' 1 its RpO-duai. We have a connection V : R F V —> D' 1 ®r f o RfR, 
which is 0 -graded of degree 0. 

We may therefore define the de Rham complex and the Spencer complex of 
RfT b which are respectively 0-graded 7dom-acyclic resolutions of to' := A"!}' 1 
and RpO. Moreover, the rules for going from left to right are similar to those 
for T>z or D. 

Lemma A. 12. — Let RM be a coherent graded left Rp'D-module which is 
RpO-locally free. Then, 

(1) there exists a coherent V-module A4 with a good filtration F, Joi such 
that RM = RfM; moreover, M is O-locally free; 
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(2) the dual complex RHom° RFT> (RA4, RfV) has cohomology in degree n 

only and H> Rf t>RM is strict, of the form Rf .for some good filtration 

A. DM; 

(3) there is a canonical isomorphism D r f t>RM ~ Hom RF o(RM, RfO) 
which induces, by restriction to z = 1, the isomorphism of Lemma A.11. 

Proof. — To get A.12(3), we use the same proof as in Lemma A.11 with 
f Y'(Rf'D) and Sp ’{RpV) introduced above. By restricting to z = 1, we get 
the isomorphism of Lemma A.11. Then A.12(1) is clear, as a locally free RfO- 
rnodule has no 2 -torsion, and A.12(2) follows similarly from A.12(3). □ 

Remark A. 13. — We mainly use formal variants of these lemmas. 

(1) Let D be a disc in C and consider the sheaf V Dx x/d{{6)){9 1s ) 
introduced in (1.17). For any (c,x°) € D x X, we consider the germ 
^dxx/dW(^ _1 )(c,i”)' Introduce the sheaf 0 of vector fields, generated over 
Ox,x°\0\{9~ 1 ] by t — c and 0x,x°- We have 

Ox^mio- 1 } = 'DD X x/D(me- 1 ) {CtX o ) /v DxX/D m)(e- 1 ) M • e. 

Introduce the corresponding Spencer complex and de Rham complex, to get 
the analogue of Lemma A.11 for a finitely generated 'Ddxx/d^P)){^~ 1 ){c,x o Y 
rnodule which is Ox,x° [0] [9~ l ] free. 

Filter R dxx/ d{{ 9)) {S^ 1 ) ( c ,x°) as i n Lemma A.12. Then, the analogue of this 
lemma holds for filtered Pdxx/dOT^ - 1 )^ 0 )- 1110 dules. 

(2) We may take for V the sheaf Rx[9,9~ l ]{t), with 9~ l = d t , or also its 
tensor product V A by 0v:[[0][0 -1 ]- 


Appendix B 

We quickly review M. Saito’s solution to Birkhoff’s problem for the Brieskorn 
lattice [58]. We keep notation of §2.e, which applies to any free C[r, r -1 ]- 
rnodule G of rank p equipped with a connection having singularities at 0 and 
oo only, r = 0 being regular, and with a lattice Go, which is a free C[0]- 
submodule of rank p stable by t = 9 2 dg. The only supplementary assumption 
made here is that the indices of the Malgrange-Kashiwara filtration are rational 
numbers (the same reasoning would apply with real numbers). We denote by 
N the nilpotent endomorphism of H a := gr^G induced by rd T + a. 
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B .a. The following assertions are equivalent (cf. e.g., [54, § IV.5]): 

(1) there exists a basis e of Go satisfying (3.1), 

(2) there exists a C[r]-lattice G'° C G which is logarithmic (i.e., stable by 
rd T ) such that Go = Go n G'° © OGq. 

On the other hand, according to the existence of a Levelt normal form (see 
e.g., [54, lennne II. 1.2]), there is a bijective correspondence between logarithmic 
lattices G'° and exhaustive decreasing nitrations H’ = © a£ [o.i [H^ of H = 
©ae[o.i [H a , which are stable by N. Put G' k := r fc G /0 . To G'° is associated the 
filtration H k = ( G' k 0 V a G)/(G ,k n V <a G). 

Definition B.l. - A solution G /0 to Birkhoff’s problem for Go is compatible 
with V.G (or is a V-solution) if, for any a £ Q, we have 

(B.l)(*) Go 0 V a G = (Go n G /0 0 V a G) © (9G 0 n V a G). 

B.b. Recall that, for any a , the space Go D V a G is finite dimensional (see 
e.g., [52]). We will repeatedly use that for /3 < 0, we have Go l~l Vp = {0} and 
Vp C G /0 . Then, by induction, (B.l)(*) is equivalent to 

(B.i)(**) G 0 n 14 G = © (9 k G 0 n e k G'° n v a G). 

Denote by a m in the minimal spectral number: a m i n = min {a | Go fl 14 G ^ 0}. 
Then, if a 4-solution G'° exists, we have, for any a £ [a m inj a min + l[j 

(Go n G /0 n 14 G) = Go n V a G —> G 0 /9G 0 , 

as {OGo n 14G) = 6(Gq n I4_iG) = 0. Hence, for such an a , Go (~l G /0 n V a G 
is independent of the choice of the 4-solution. 

Given a 4-solution G'°, we then have 

(■Tdr + a)(G 0 n G /0 n V a G) C (Go n G'° n V a G) © r(G 0 n G /0 n 4 a+ iG), 
which is equivalent to 

(0d 9 - a)(Go n G'° n v a G) c (G 0 n G'° n v a G) © t(g 0 n G /0 n 4 a+:L G). 

We then say that G'° is a 4 + -solution to Birkhoff’s problem for Go if, for 
any a, we moreover have 


(i 9d e - a)(G 0 n G'° n V a G) c (G 0 n G'° n 4< a G) © r(G 0 n G /0 n 4 a+ iG). 
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B.c. Assume that G' /0 is a Resolution. Then, the corresponding matrix A ac , 
which is the hrst component of 90 in the previous decomposition, is semisimple, 
and its spectrum is equal to the spectrum of (G, Go). Moreover, Go H G'° fl 
V a G is nothing but the sum of the eigenspaces of Aoo acting on Go fl G'° 
corresponding to the eigenvalues ^ a. In particular, any element of Go D 
14m ln G = G 0 fl G'° fl V amin G is an eigenvector (with eigenvalue a m j n ) of A^. 

B.d. Let S' be a Hermitian nondegenerate sesquilinear pairing of weight w on 
(G, Go) (c/. Definition 1.24). It induces nondegenerate linear pairings 
H a ® c Hi-a —► C, aG]0,l[, 

(B.2) 

' H 0 ®c Hq —> C. 

On the other hand, we say that a solution G'° to Birkhoff’s problem for Go is 
compatible with S (or a S-solution) if the induced pairing 

(Go 0 G'°) ®c (Go n G'°) —» C[r, r" 1 ] 
takes values in C • t~ w . 

Proposition B.3. — Let G'° be a logarithmic C [T\-lattice of G. 

(1) G'° is a V-solution to Birkhoff’s problem for Go iff for any a £ [0,1[, 
its associated filtration G'*gr^G is opposite to G.gr^G. 

(2) G'° is a V + -solution iff moreover both filtrations are (B)-opposed in the 
sense of [58], i.e., for any a £ [0,1 [ and any k, 

N{G ,k gr v a G) C G ,fe+1 gr^G. 

(3) A V-solution G'° is a S-solution iff 

f (G^gr^G)^ = G' w ~ k gvY_ a G if a £ ]0,1[ 

{{G^gr^G) 1 - = G' w ~ k+1 grXG, 
where orthogonality is taken with respect to the pairing (B.2). 

Remarks B.4 

(1) A proof in the microlocal situation was given by M. Saito in [58, Th. 3.6]. 
An adaptation to the affine situation was given in [52]. We sketch here a 
simpler proof of (1). The proof of (2) and (3) is then easy, see loc. cit. or 
[54, Rem. IV.5.13]. Notice also that another proof of (2) can be obtained from 
Theorem 3.2.1 in [15]. 

(2) According to [58, Lemma 2.8], there is a natural choice of an opposite 
filtration to G.(® ae [ 0 ^H a ) which gives rise to a V + , S-solution to Birkhoff’s 
problem in case G.H is the Hodge filtration of a mixed Hodge structure for 
which the weight filtration is obtained from the monodromy filtration of N and 
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such that the pairing B.2 is a morphism of mixed Hodge structures. That these 
properties are satisfied for the Gauss-Manin system, its Brieskorn lattice and 
the duality pairing S of Theorem 2.14, follows from [58] in the singularity case, 
and from [51, 52] in the affine case. 

Proof. — Let H be any finite dimensional C-vector space equipped with an 
exhaustive increasing filtration H, (indexed by Z, say) and with two exhaustive 
hltrations F.H (increasing) and F"H (decreasing). We denote by gr H the 
graded space associated to H,. Then F.H and F”H naturally induce hltrations 

F. giH and F"grH. 

Let u be a new variable. The C-vector space F = ® k u k F k H is natu¬ 
rally equipped with the structure of a C[w]-module, as F.H is increasing, 
and similarly F' = ® k u k F ,k H is a C[u -1 ]-module. They glue together along 
C[it,u _1 ] ®c H as a vector bundle F(F.H, F’’H) on P 1 . The following prop¬ 
erties are equivalent: 

(1) there is a decomposition H — ® k {F k H H F ,k H), 

(2) for all k ± l, one has F k HnF ,e H C {F k _ x HHF ,e H) + {F k HnF ,e+1 H), 

(3) for any k one has F k _iHnF ,k H = {0} and F k = (F k HnF ,k H)+F k -iH , 

(4) the bundle F(F.H 1 F , 'H) is isomorphic to the trivial bundle (of rank 
dimH). 

When any of these properties is satisfied, we say that F.H and F"H are 
opposite. 

Lemma B.5. — Assume that F.grH etF’’gvH are opposite. Then so are F.H 
et F’’H and, for any k, one has gr (F k H fl F’ k H) = F k grH fl F ,k grH. 

Sketch of proof. — By induction, one reduces to a filtration H’ of length two, 
and one uses that an extension of trivial bundles on P 1 is trivial. This gives 
the first part. The second part reduces to a dimension count. □ 

Let us sketch the proof of B.3(l). Assume that the hltrations G.H a and 
G"H a are opposite for any a € [0,1 [. Then, G.gr^G and G"gr^G are op¬ 
posite for any a. According to Lemma B.5, for any f3 < a, the hltrations 

G. (y a G/V <0 G) and G" (V a G/VcpG) remain opposite and, for all k, 

dim [G k (V a G/VcpG) fl G /k (V a G/V < @G)\ = ^ dim(G fc gr^G n G ,fc gr^G). 

For k and a hxed, let (3 <C 0 such that G k fl V < pG = {0} and V < @G C G ,k . 
The left-hand term above is the dimension of 

[(Gfc n v a G + v <0 G) n G ,k + v <i 3 g]/v <i3 g GG Ck n G ' k n v a G. 
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Therefore, 

dim (G k n G' k n V a G) = ^ dim(G fe gr^G n G ,fc gr^G). 

Hence 

E dim(Gk-j n G' k ~i n V a G) = 53 E dim(G fc _ jg r^G n G'^g^G) 

j^O 0 7^0: 

= EE dim(Gfc_jgr^G fl G ,fc_ -'gr^G) 

7^a 

= E dim Gfegr^G = dim(G fc n V a G), 

7^a 

because G.gr^G and G"gr^G are opposite for any 7 . So, (B.l)(**) is true at 
the level of dimensions. It remains to show the vanishing of the two by two 
intersections of the terms in (B.l)(**), and it is enough to show that, for any 
k and any a, Gk- 1 fl G' k fl V a G = 0. But the image of this term in gr^G 
vanishes, by oppositeness. Hence 

Gfc-i n G ,k n v a G c G k - 1 n G ,k n v <a G c • • • c G fe _i n G ,k n V <P G = {0}, 

if j3 <C 0 is chosen so that G k - 1 fl V < pG = {0}. 

Conversely, assume that G'° is a ^-solution. We have to show that, for any 
a and k, 

(B.6) {Gk-! n V a G + V <a G ) n G' k c V <a G 

(B.7) Gfc n V a G c (Gfc n V a G + V< a G) n G' k + {G k - 1 n V a G) + V <a G. 

Clearly, (B.7) is a consequence of (B.l)(*). Fix a and k and choose /3<C0 such 
that V < fjG c G' fe , then choose £ 0 such that V <ol G = {Ge fl V <a G ) + V < pG. 

Then 

(Gfc-i n y a G + v <a G) n G' fc = (G fc _i n v a G + G e n v <a G + v <0 G ) n G ,fc 

= {Gk-! n v a G + g £ n y< a G) n G' k . 

On the other hand, (B.l)(**) implies 

(G fc _!ny a +y< tt nG,) = [® J >iG fc _ j nG ,fc -w a ] + [©^G fc+i nG ,fc+i ny< a ]. 

In the sum, the right-hand term is contained in G' k , and the left-hand term, 
contained in G k - 1 fl V a G, meets G ,k at 0 only. Therefore, 

{G k -! n V a G + G e n V <a G ) n G ,k = [ ® e r k G k+i n G' k+i n V <a G ] c V <a G , 

hence (B. 6 ). □ 
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